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SUMMARY

A �nite element formulation modelling hyperelastic quasi-incompressible rubber-like materials (elastomers) is
developed which takes into account large displacements and large elastic strains as well as inelastic e�ects.
The capacity of laminated rubber-like materials to support high loads in compression and large displacements
in shear is the principal reason for their use in devices for seismic base isolation of structures. The energy-
dissipation capacity of these devices is increased by using high damping rubber, which is an elastomer
incorporating carbon black particles, or having lead-plug insertion. The Ogden strain energy function has
been used as a basis for the material model implemented in a total Lagrangian formulation, the strain being
decomposed into its deviatory and volumetric parts and the pressure variable being condensed at element level.
Mooney–Rivlin and neo-Hooke strain energy functions can also be used by simply changing the parameters of
the model. The stress–strain hysteresis, which appears when these devices are subjected to dynamic or quasi-
static cyclic loads, has been modelled by frequency dependent viscoelastic and plastic constitutive models. The
bearings have been modelled by means of an equivalent single element capable of describing the composite
behaviour of the actual isolation system. The proposed model is validated using available experimental results
and it is proved to be a powerful tool in dealing with di�erent bearings. Finally, results for a six-storey base
isolated building subjected to the El Centro earthquake are given. Copyright ? 1999 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Base isolation systems partially uncouple a structure from seismic ground motion by means of
specially designed devices inserted between the structure and its foundation. The use of base
isolation devices is an advanced technique in the �eld of earthquake-resistant design which is being
used in many countries. Among the di�erent types of devices in existence, laminated elastomeric
bearings are probably the most widely used nowadays [1–3]. They are composed of layers of
rubber and steel, the rubber being vulcanized to the steel layers. The possibility of the rubber
bulging is reduced by inserting the mentioned steel layers and, in this way, the vertical sti�ness of
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the bearings is increased. The shear sti�ness is not altered signi�cantly by the presence of these
layers. The most common laminated rubber bearings are: Natural Rubber Bearings (NRB), Lead
Rubber Bearing (LRB) and High Damping Rubber Bearings (HRB).
The layers of rubber improve the horizontal 
exibility of the system, thus increasing the fun-

damental period of the building, which is shifted from the predominant period of the expected
earthquakes in the area, with a consequent reduction in dynamic ampli�cations. That results in the
isolated system having a di�erent dynamics from a conventional one.
Additionally, during a seismic event, the displacements are concentrated at the isolation devices

level, the structural inter-storey drift being drastically reduced. As a consequence, the damage in
structural and non-structural components is minimized. Moreover, by using high damping rubber or
introducing a lead plug into the bearing, the system is provided with additional energy dissipation.
The use of laminated rubber bearings in di�erent areas of engineering such as bridges, anti-

vibration devices for machinery or base isolation system for buildings brought about extensive
experimental research into them. Results have been published of tests on elastomeric bearings, on
full or reduced-scale models, under low-frequency cyclic loads with amplitude up to 400 per cent
shear strain of the total height of rubber and di�erent vertical loads, and also horizontal displace-
ments up to failure [1; 4; 5].
However, only a few analytical studies have been published [6–9], possibly owing to the dif-

�culties of the numerical description of the real behaviour of these devices. Such a description
should take into account large displacements and large non-linear elastic strains of elastomers, its
incompressibility and damping characteristics, the e�ect of steel layers and, in certain cases, the
e�ect of the lead plugs.
In previous studies, the analysis of base isolated buildings has generally been performed by

modelling the devices as short bars with mechanical characteristics (sti�ness and damping) taken
from experimental tests. The superstructure has been assumed to remain within the elastic range
throughout the entire numerical process. The mass has been concentrated at the 
oor levels with
one [10; 11; 3] or three degrees of freedom per 
oor, that is, by using two translational and one
rotational degrees of freedom [12; 13].
To the authors’ knowledge, no studies have been published on the numerical analysis of buildings

with elastomeric base isolation using the �nite element method with constitutive models suitable
for structure (reinforced concrete) and for the materials of the isolation devices (elastomers).
The only paper in which such a model has been found is Reference 7, where a �nite element

model is presented for the analysis of rubber systems in cable-stayed bridges. The devices were
lead–rubber bearings and the behaviour of the elastomer was considered elastic, its capacity for
energy dissipation not being taken into account. An ‘equivalent homogeneous continuum’ theory
for the nonlinear behavior of elastomeric bearings was also developed [14], but again the elastomer
was treated as elastic. Such an analysis is said to be far less expensive than the use of a general
purpose �nite element program to perform ‘discrete’ analysis of elastomeric bearings [15] without
the corresponding convergence di�culties. However, most of the numerical examples presented
in [16] consider only vertical strains due to compression and not shear strains due to horizontal
cyclic loads, which are those that have utmost importance in devices for seismic base isolation.
This paper is a contribution to the numerical analysis of base isolated buildings with elastomeric

base isolation systems. It develops an analytical and numerical model for the nonlinear dynamic
analysis of these systems. The contribution of the proposed model is its ability to capture the highly
non-linear elastic behaviour of natural and high damping rubber bearings and its energy dissipation
characteristics. Non-linear behaviour is not restricted to the base isolation system because the
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reinforced concrete superstructure is modelled by combining an elasto-damage constitutive model
for the concrete with an elasto–plastic model for the steel bars [17; 18].
The next section presents the proposed approach to model the elastomeric part of the bearing,

which is a generalized hyperelastic model for the analysis of multi-phase elastomeric materials.
Mixing theory is used to insert the basic constitutive expressions for each substance on the multi-
phase composite solid: viscoelasticity for rubber (Ogden elasticity in the case of static loads) and
elastoplasticity for carbon black particles. The model is formulated in large strains in terms of
principal stretches. Section 3 gives the �nite element implementation of the proposed constitutive
model, taking into account the quasi-incompressible behavior of rubber-like materials. In Section 4,
the performance of the proposed formulation and its numerical implementation is illustrated by
means of simple numerical simulations which are compared with experimental results. As an
example of application to a base isolated structure, a six-storey reinforced concrete frame with
high damping rubber bearings is analysed in Section 5. Maximum inter-storey displacements,
absolute 
oor accelerations and overall damage indices are shown for this base isolated structure
and compared with a similar �xed-base structure, both having been subjected to the N–S component
of the El Centro earthquake.

2. DESCRIPTION OF THE HYPERELASTIC CONSTITUTIVE MODEL

Rubber-like materials behave as hyperelastic, incompressible and, from a macroscopic point of
view, homogeneous and isotropic solids. Laboratory tests on elastomeric pads under cyclic loads
show hysteretic damping in their response [4], the amplitude of which is far greater in the case
of high damping rubber bearings [1]. In these devices an important proportion of carbon black
particles are added to the rubber component.
These characteristics allow a phenomenologically motivated model in which no micro-mechanical

considerations are taken into account. Firstly, owing to the quasi-incompressibility of rubber, the
approach presented herein to model elastomeric devices assumes that the volumetric and isochoric
parts of the deformation behave di�erently. Secondly, as hysteretic damping depends on the com-
ponents of rubber, di�erent models are considered for each substance. Next, mixing theory is used
to insert the basic constitutive expressions for each component on a multi-phase composite solid
[17]. The overall physical behaviour is in
uenced by the mechanical characteristics of each sim-
ple component according to its volume proportion. Kinematic compatibility at all time instants is
accepted as a closing equation. Finally, as temperature is not a variable included in the strain
energy functions, the current development is limited to stable thermal conditions.
As we are dealing with a hyperelastic-based model, stresses and tangent moduli are derivable

from strain energy functions W

S=
@W
@E
; C= @2W

@E⊗ @E (1)

where S is the second Piola–Kirchho� stress tensor, C is the tangent moduli tensor at reference
con�guration and E is the Green strain tensor

E= 1
2(C− I); C=FTF (2)

C is the right Cauchy–Green tensor, F the deformation gradient and I the identity second order
tensor.
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To decouple isochoric and dilational response, F is split multiplicatively as follows:

F=Fvol �F; Fvol = J 1=31; �F= J−1=3F (3)

where J =det[F] = det[Fvol]; det[ �F] = 1.
Using (3), the stored energy function can be expressed as an additive split of the deviatoric and

volumetric parts

W =W (J ) + �W ( �F) (4)

The uncoupled stored energy function produces uncoupled stress–strain relations. Associated
with the volumetric strain, there is the hydrostatic pressure p

p= @JW (J )=W ′(J )→ bv =W ′(J )1 (5)

or, in terms of the second Piola–Kirchho� stress tensor, Sv = JF−1bvF−T, and considering that
the Cauchy stress tensor, bv, has non-zero elements only in its diagonal, Sv can be expressed as
Sv = JF−1F−Tbv = JC−1bv, that is

Sv = JW ′(J )C−1 (6)

For the volumetric part of the stored energy function the following expression is used:

W (J )= 1=2�(J − 1)2 with J = I 1=23 and I3 = det(C) (7)

� being the material bulk modulus at the reference con�guration. In this way

W ′(J )=p= �(J − 1) and W ′′(J )= � (8)

and Cvol, the volumetric part of the constitutive tensor at reference con�guration, is

Cvol = [JW ′(J )]′JC−1 ⊗ C−1 − JW ′(J )IC−1 (9)

Equations (5)–(9) are suitable for dealing with the volumetric part of the formulation. With
regard to its isochoric part, considering (3) and (4) and the closing equation (that is, kinematics
compatibility at all times) we can write

�Frubber ≡ �Fparticles ≡ �F (10)

It must now be considered that the behaviour of rubber particles is not the same. Rubber is
assumed to respond to a viscoelastic basic constitutive model, with �W ( �F) valid for in�nitely slow
strain histories �W

∞
( �F). For time-dependent strains, the energy function W includes certain internal

variables which take into account the viscoelastic e�ects

�Wrubber = �Wve( �F; �) (11)

Carbon black particles are assumed to be elastoplastic, and �F is therefore split multiplicatively

�F= �Fe �Fp → �be = �Fe �F
e T

�be being the elastic part of the left Cauchy–Green tensor, which is used to write an energy function
for the particles component

�Wparticles = �Wep(�be; ^) (12)
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Using mixing theory, the overall physical behaviour in (1) is given by an additive form

W =W (J ) + kr[ �Wve( �F; �)] + kp[ �Wep(�be; ^)] (13)

where kr and kp are the volume proportion of rubber and carbon black particles. If we now
consider this additive expression of the strain energy function, the stress tensor in (1) becomes

S=Svol + kr �Sve + kp �Sep (14)

2.1. Strain energy functions for rubber-like materials

Strain energy functions W for rubber-like materials are frequently based on principle invariants
of C. The most widely used are Mooney–Rivlin models, which in their generalized form are
expressed as

W =
∞∑
r=0

∞∑
s=0

∞∑
t=0
Crs(I1 − 3)r(I2 − 3)s(I3 − 1)t (15)

where Ii are the invariants and Crs are material constants. Since these invariants can be expressed as

I1 = tr(C)= �21 + �
2
2 + �

2
3

I2 = 1=2(I 21 − tr(C2))
= �22 · �23 + �23 · �21 + �21 · �22

I3 = det(C)= �21 · �22 · �23

(16)

where �i are principal values of the right stretch tensor U(U=C1=2), the strain energy function
can take the form [19]

W (�1; �2; �3)=
N∑
p=1

�p
�p
(��p1 + �

�p
2 + �

�p
3 − 3) (17)

where �p and �p are material parameters. Strain energy function (17), which is used in this study,
includes Mooney–Rivlin models as a particular case.
Another way of representing the same strain energy function uses the principal values (Li) of

C, that is

W (L1; L2; L3)=
N∑
p=1

�p
�p
(L�p=21 + L�p=22 + L�p=23 − 3) (18)

From (1) and using the chain rule

S=2
@ �W (C)
@C

=
3∑
A=1

1
�A

@W (�i)
@�A

@(�2A)
@C

(19)

For totally incompressible materials I3 = �21�
2
2�
2
3 = 1; L1L2L3 = 1.

Since �F in (3) has the same characteristic subspaces as F, its spectral decomposition can be
performed as

�F=
3∑
A=1

��AnA ⊗NA; ��A= J−1=3�A; ��1 ��2 ��3 = 1 (20)
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Using equation (20), the spectral decompositions of �C= �FT �F and �b= �F �FT can be expressed as

�C=
3∑
A=1

��2ANA ⊗NA; �b=
3∑
A=1

��2AnA ⊗ nA; ‖NA‖= ‖nA‖=1 (21)

which depend on the principal directions NA and nA. The principal directions NA are also useful
to calculate @C(�2A) in equation (19)

@(�2A)
@C

=NA ⊗NA (22)

and allow the deviatoric elastic part of the second Piola–Kirchho� �S and Cauchy �b stresses to be
expressed as

�S=
3∑
A=1
�AMA; MA= ��−2A NA ⊗NA

�b= 1
J

3∑
A=1
�AmA; mA= nA ⊗ nA=FMAFT

(23)

where

�A= �A@W=@�A (24)

and NA ⊗NA and nA ⊗ nA can be expressed from the tensors C and b [20; 21]

NA ⊗NA = �2A
C− (I1 − �2A)1+ I3�−2A C−1

DA

nA ⊗ nA = b
2 − (I1 − �2A)b+ I3�−2A 1

DA
(25)

DA = 2�4A − I1�2A + I3�−2A
With the derivatives of equation (19), by applying the chain rule and equation (22), we get

from equation (23) the deviatoric elastic part of the constitutive tensor in terms of the principal
stretches at the reference con�guration

�C=
3∑
A=1

[
3∑
B=1

ABMA ⊗MB

]
+

3∑
A=1
2�A

@MA

@C
(26)

where �A was given in equation (24)


AB= 
BA= �B
@
@�B

(
�A
@w
@�B

)
(27)

and @CMA is obtained from equation (25a), using equation (22) and the following relations:

@�A
@I1

=
1
2
@�3A
DA
;

@�A
@I2

= − 1
2
@�A
DA
;

@�A
@I3

=
1
2
@�−1A
DA

(28)
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where DA is given by equation (25c). In this way, we arrive at

@MA

@C
=
1
DA
[I− 1⊗ 1+ I3�−2A (C−1 ⊗ C−1 − IC−1 )]

+
1
DA
[�2A(1⊗MA +MA ⊗ 1)− 1=2D′

A�AMA ⊗MA]

− 1
DA
[I3�−2A (C

−1 ⊗MA +MA ⊗ C−1)] (29)

where I is the fourth-order identity tensor and

D′
A = 8�

3
A − 2I1�A − 2I3�−3A

(IC−1 )ABCD = 1
2(C

−1
AC C

−1
BD + C

−1
ADC

−1
BC )

(30)

The deviatoric elastic part of the constitutive tensor at the spatial con�guration �C is obtained by a
push-forward of its material form �C, expressed in equation (26)

�C=
1
J

3∑
A=1

[
3∑
B=1

ABmA ⊗mB

]
+
2
J

3∑
A=1
2�A

@mA
@g

(31)

where, as in equation (26), �A is given by equation (24) and 
AB by equation (27). The expression
@gmA=F@CMAFT has the form

@mA
@g

=
1
DA
[Ib − b⊗ b+ I3�−2A (1⊗ 1− I)]

+
1
DA

[
�2A(b⊗mA +mA ⊗ b)−

1
2
D′
A�AmA ⊗mA

]

− 1
DA
[I3�−2A (1⊗mA +mA ⊗ 1)] (32)

with

(Ib)abcd= 1
2(bacbbd + badbbc) (33)

Note that equations (19)–(33) are valid for any stored energy function and therefore they
represent a general formulation of isotropic large strain elasticity in terms of the principal stretches.
The explicit forms of �A and 
AB for the Ogden strain energy function are

�A =
N∑
i=1

�i
�i

[
��iA − 1

3

3∑
B=1
��iB

]

If A=B→ 
AB =
N∑
i=1
�i

[
1
3
��iA +

1
9

3∑
C=1

��iC

]
(34)

If A 6= B→ 
AB =
N∑
i=1
�i

[
−1
3
��iA − 1

3
��iB +

1
9

3∑
C=1

��iC

]

2.2. Viscoelasticity

To take into account the viscous e�ects of polymer chain relaxation, �nite strain viscoelasticity
is considered [22–24]. For in�nitely slow deformation histories the response of the material is
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elastic, according to equation (23). For arbitrary deformation histories the material exhibits fading
memory described by the hereditary integral

�S=
∫ t

0
g(t − s) d

ds
�S ds (35)

where g(t)= 1+
∑N

k=1 
k exp(−t=�k) is the relaxation function. 
k is the sti�ness of the k Maxwell
element included in the model and �k its relaxation time. The response of the Maxwell elements
can be expressed as

Hn+1k =
∫ tn+1

0
exp
(
− tn+1 − s

�k

)
d �S(s)
ds

ds (36)

The exponential convolution integral can be estimated using the midpoint rule to give

Hn+1k =exp
(−�t
�k

)
Hnk +

1− exp(−�t=�k)
�t=�k

[ �Sn+1 − �Sn] (37)

The stress response �Sve in (14) is de�ned as a superposition of the equilibrium, �S, given by
(23) and the non-equilibrium stress contributions, H

�Sve = �S+
N∑
k=1
Hk (38)

2.3. Elastoplasticity

In order to take into account the behaviour of carbon black particles in rubber-like materials,
�nite strains plasticity is now considered [23; 24]. The formulation is based on multiplicative
decomposition of the deformation gradient F=(J 1=3I) �Fe �Fp, maintains the structure of the classical
in�nitesimal plasticity models [25] and preserves exactly the plastic volume changes for pressure
insensitive yield criteria.
A trial elastic state for the prescribed strain increments is computed �rst

�be tr = �Fe �Fe T = �F �Cp−1 �FT (39)

where �Cp = �Fp T �Fp is a plastic strain tensor. After the spectral decomposition of �be tr as expressed
in (21), the principal elastic logarithmic stretches are de�ned by

�� e trA = log[ ��e trA ]; A=1; 2; 3 (40)

Choosing for �Wep in (12) the uncoupled form, which is quadratic in principal elastic logarithmic
stretches

�Wep( �� eA; �)= �[ �U e · �U e] + K(�) (41)

the principal isochoric stress R= @� �Wep( �� eA; �) is

Rtr = 2��U e tr (42)
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Consequently, the trial state Rtr is projected onto the elastic domain, de�ning the actual stress R
at each Gauss point of the �nite element. The von Mises yield criterion used to de�ne the elastic
domain is written in the classical form

�(c; �)= ‖dev[c]‖ −
√

2
3 [�Y + K

′(�)]60 (43)

where �Y is the 
ow stress, � is the equivalent plastic strain, ‖dev[c]‖ is the square root of the
J2 invariant of the Kirchho� stress c, and K(�) an internal variable characterizing the isotropic
hardening response of the material. Therefore

R= Rtr − 2��
] (44)

where ] is the unit outward normal to the von Mises cylinder in principal stress space

]= R=‖R‖; ‖dev[c]‖= ‖R‖
and

�= �+
√

2
3�
; �
¿0 (45)

The consistency condition �n+1 = 0 provides the scalar equation for �
¿0 during plastic loading

�n+1 =�trn+1 − 2��
−
√

2
3 [K

′(�n +
√

2
3�
)− K ′(�n)]= 0 (46)

Kinematic hardening can be incorporated considering a von Mises yield criterion in the form

�(R− ^; �)= ‖R− ^‖ −
√

2
3 [�Y + K

′(�)]60 (47)

where ^ represents the vector of the principal values of the back-stress tensor

^n+1 = ^n + 2
3�
H]n+1 (48)

H being the kinematic hardening modulus. The normal to the von Mises cylinder, ], is now

]n+1 = @��n+1 =
Vn+1

‖Vn+1‖ ; V= R− ^ (49)

Equation (46) is now expressed as

�trn+1 − 2��

[
1 +

H
3�

]
−
√
2
3

[
K ′
(
�n +

√
2
3
�


)
− K ′(�n)

]
=0 (50)

The elastoplastic constitutive tensor Cep associated with the return mapping takes the form [25]

�Cep = 2�[sn+1(I3 − 1
31⊗ 1)− �n+1(]n+1 ⊗ ]n+1)]

sn+1 = 1− 2��

‖Vtrn+1‖

; �n+1 =
1

1 + (K ′′ + H)=3�
− 2��


‖Vtrn+1‖
(51)
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By solving equation (44) and using (42), the logarithmic elastic state of deformation is known.
The �nal elastic tensor �be, which will be used for the plastic strain tensor �Cp in (39), is obtained
by an exponential algorithm

�be =
3∑
A=1

��e 2A nA ⊗ nA; ��eA= exp( ��A); �Cp −1 = �F−1 �be �F−T (52)

�Sep in (14) is given by a pull-back of R in (44)
�Sep = J �F−1R �F−T (53)

and the constitutive tensor at reference con�guration �Cep is given by a pull-back of �Cep in (51).

3. FINITE ELEMENT IMPLEMENTATION

It is well known that a displacement-based �nite element method presents di�culties (locking,
ill-conditioning of the sti�ness matrix, etc.) in the analysis of quasi-incompressible materials
[21; 26–29]. To overcome these di�culties several formulations have been proposed [21; 27; 29].
All of them are based on the split of the deformation gradient tensor in its isochoric and dilational
parts and can be grouped into the multi�eld or mixed principles and reduced selective integration
penalty approach methods.
In this work a two �eld formulation (displacement and pressure) is used. Rubber material is rep-

resented by a particular formulation of displacement–pressure �nite elements in a total Lagrangian
formulation [26; 28]. The equations of motion for a �nite element are[

Kuu Kup
Kpu Kpp

] [
u
p

]
=
[
R
0

]
−
[
Fu
Fp

]
(54)

Kuu =
∫
V
BTLCuuBL dV +

∫
V
BTNLSBNL dV

Kup =
∫
V
BTLCup dV =K

T
pu; Kpp=

∫
V
Cpp dV

Fu =
∫
V
BTLS dV; Fp=

∫
V
−Cpp( �p− p̃)@p̃

@p̂
dV = 0

(55)

where R are nodal external forces, BL and BNL are the linear and nonlinear strain–displacement
transformation matrices [28] and S the second Piola–Kirchho� tensor

S= �S+ Cpp( �p− p̃) @ �p
@Ekl

(56)

Cpp = − 1
�
; Cup= − Cpp @ �p@Ekl

Cuu = �C+ Cpp
@ �p
@Ekl

@ �p
@Ers

+ Cpp( �p− p̃) @ �p
@Ekl@Ers

(57)

In these equations �S and �C are the isochoric part of the second Piola–Kirchho� tensor and the
tangent modulus at reference con�guration in terms of principal stretches, respectively. The bulk
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modulus � is treated as a penalty parameter and, with the aim of forcing a quasi-constant volume
deformation, it must have a su�ciently large value. E is the right Green–Lagrange tensor.
Choosing W (J )= 1

2�(J3 − 1)2 for (7), the pressure �p obtained from the displacement �eld
is �p= �(J3 − 1) and its derivatives are

@ �p
@Ekl

= − �J3C−1 and
@ �p

@Ekl@Ers
= �J3C−1 ⊗ C−1 − �J−13 2Q (58)

where J3 = I
1=2
3 , C is the right Cauchy–Green tensor and Q is

[Q] =




0 C33 C22 0 −C23 0
0 C11 0 0 −C13

0 −C12 0 0
−0·5C33 0·5C31 0·5C23

sym: −0·5C11 0·5C12
−0·5C22


 (59)

Starting from �p at each Gauss point, an average pressure p̃ at element level is obtained.
A single pressure point is considered for each element, with the pressure assumed constant over
the element. Static condensation is used to eliminate the pressure degree of freedom at element
level. From the second equation (54) we obtain p=K−1

pp (−Fp − KTupu) and replacing this in �rst
equation (54)

Ku = R− F
K = Kuu − KupK−1

pp K
T
up

F = Fu − KupK−1
pp F

T
p

(60)

4. MODEL VALIDATION

In order to test the proposed model, a single element has been analysed under plain strain homo-
geneous simple shear deformation. The values of the elastic material constants employed in (18)
were chosen as shown in Table I.
Horizontal displacement was applied up to 550 per cent of shear strain. A plot of shear stress

versus the amount of shear strain is shown in Figure 1. It should be compared with the experimental
results [1] for natural and high damping rubber bearings shown in Figure 2.
Two other cases are analysed with cyclic load having frequencies of 0·01Hz and amplitudes

from ± 25 per cent to ± 400 per cent of the shear strain. For the �rst one, the material is considered
to be natural rubber and modelled as viscoelastic with �=0·5, while for the second the material
is considered to be rubber with high damping modelled as visco-elasto–plastic, with �=0·9 and

Table I. Material parameters for elastomer

G (kg=cm2) �1 �2 �3 �1 �2 �3

4·5 1·03 0·002 −0·02 1·9 5·9 −1·6
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Figure 1. Relationship between shear stress and shear strain. Numerical model

Figure 2. Experimental results for natural and high damping rubber bearing, using reduced scale models (scales 1=3·16;
1=1·58 and 1=1·83)

�y =3·06 kg=cm2. The dimensions were chosen as being equivalent to the area and total thickness
of the rubber component of experimental models with the design speci�cations shown in Table II.
A plot of horizontal loads versus the horizontal displacements is shown in Figures 3 and 4 for

natural rubber bearings and in Figures 5 and 6 for high damping rubber bearings.
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Table II. Design speci�cations of laminated rubber bearing. NRB=Natural
Rubber Bearing. HRB = High damping Rubber Bearing (SMiRT11 1991)

Type NRB HRB

Diameter (mm) 1600 1420
Area, ��2=4 (m2) 2·0106 1·5837
Height (mm) 440 620
Thickness of rubber sheet (mm) 11·5 8
Number of rubber sheets 19 31
Thickness of steel sheet (mm) 4·5 5·8
Number of steel sheets 18 30
Loading weight, P0(T) 500 500
Natural horizontal frequency, fH (Hz) 0·5 0·5
Natural vertical frequency, fV (Hz) 20 20

Figure 3. Natural rubber bearing. Numerical model

5. APPLICATION TO A BASE ISOLATED STRUCTURE

As an example, the seismic performance of a six-storey base isolated reinforced concrete frame is
compared with a similar �xed-base structure. Maximum inter-storey displacement, absolute 
oor
acceleration and overall indices are used to compare the response of the two structures when both
of them are subjected to the N–S component of the El Centro earthquake.
The nodal forces (bending moments, shear and axial forces) in the frame elements are propor-

tional to the inter-storey drift caused by the earthquake, and consequently, these displacements
are a measure of possible structural damage. Floor acceleration is an important parameter which
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Figure 4. Natural rubber bearing. Experimental results using reduced-scale model (scale 1=1·58)

Figure 5. High damping rubber bearing. Numerical model

governs the comfort of people and the damage to the building installations. The overall damage
indices enable us to ascertain how far the structures are from elastic behaviour.

5.1. Description of the structural model

Both structures, the base-isolated frame and the �xed-base one, have a �rst 
oor 4 m high and
�ve upper 
oors 3 m high, all of them 10 m wide. The dimensions of the columns and beams
are such that the fundamental period is T =0·54 s. The sti�ness of the columns diminishes with
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Figure 6. High damping rubber bearing. Experimental results using reduced-scale model (scale 1=1·83)

each storey to achieve this period. The base isolated frame is supported on a HRB with design
speci�cations as shown in Table II.
Because of structural symmetry, only half of the frames are modelled. The columns and beams

are modelled using 2D Timoshenko beam elements with their cross-sectional area discretized by
layers. Three-nodes quadratic �nite elements with three degrees of freedom per node are used. The
elements have two Gauss integration points and six layers of the same height and width. In order
to model the steel bars, the outer layers ( 13 area) are considered as a composed material with two
components: concrete (85 per cent) and steel (15 per cent), giving a reinforcement ratio of 4·5
per cent. The inner layers are modelled as a single material, concrete (100 per cent).
Four-node isoparametric plane strain elements are used to model the base and the isolation

device. The use of a connection element (see the appendix) allows the base plane elements to
work in interaction with the frame bending elements. The material model used here for the rubber
pad has the same parameters as the high damping rubber given in the previous section.
The properties of the structural materials, concrete and steel, are included in Table III [30; 31].
The total weight of the structure is 500 T, equally distributed on each of the 
oor of the structure;

the base has a mass equivalent to a single 
oor.
An important aspect of the seismic base isolation is veri�ed when a displacement is imposed

on the isolated and �xed-base structures and the response to free vibration is then compared. The
original �xed-base period (T =0·54 s) is shifted to a much longer one (T ≈ 1·9 s) close to the
design period of the rubber bearing (T =2 s).

5.2. Seismic analysis

The earthquake ground motion corresponds to the N–S component of the 1940 El Centro record.
The �rst 12 s of the accelerogram were discretized, with a time increment of 0·02 s.
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Table III. Material parameters for concrete and steel

Material Steel Concrete

Young modulus, E (kg=cm2) 2·1× 106 3·0 × 105

Poisson modulus, � 0·20 0·17
Initial plastic stress, �0 (kg=cm2) 4200 300
Yield criteria Von Mises Mohr–Coulomb
Damage model Kachanov
Initial damage stress, �0dam (kg=cm

2) 300
Compression=tension initial ratio, �0C=�

0
T 10

Figure 7. Maximum inter-storey displacement for base isolated and �xed-base structures

Figures 7 and 8 show the maximum inter-storey displacement and the maximum (top 
oor)
absolute structural acceleration for the base isolated and �xed-base structure, respectively. Note
that the relative structural displacement for a building equipped with elastomeric rubber bearings is
considerably smaller than the corresponding displacement for a conventional �xed-base structure.
The same observation can be made regarding acceleration. The maximum values of the response
of both structures are shown in Table IV.
Figure 9 illustrates the shear stress of the rubber due to base displacements. The maximum

displacement of the base (16·81 cm) correspond to 67·78 per cent shear strain in the rubber pad,
far below the breaking point.
In order to evaluate structures subjected to extraordinary actions an overall damage index can

be used [30]. The damage index is considered to be local if it refers to a point, or overall if it is
applicable to a section, a structural element or to the whole structure. The overall damage index
used here considers the local index to be equally weighted at all Gauss points of the structure.
Figure 10 shows these indices for the base isolated and �xed-base structures during the El Centro

earthquake. The �xed-base frame shows a very high overall damage index close to 60 per cent. As
a result of this damage the building practically fails. In contrast, the base isolated structure su�ers
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Figure 8. Maximum absolute 
oor acceleration for base isolated and �xed-base structures

Table IV. Maximum values in the response of base isolated and
�xed-base structures to the El Centro earthquake

Structure Base isolated Fixed-base

Base displacement (cm) 16·81 0·0
Displacement at top 
oor (cm) 15·49 16·2
Total structural displacement (cm) 1·53 16·2
Inter-storey displacement (cm) 0·24 3·27
Acceleration at top 
oor (cm=s2) 380·8 1831·6

Figure 9. Shear stress of rubber due to base displacement
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Figure 10. Overall damage indices for base isolated and �xed-base structures

an overall damage index below 3 per cent. Such a low index shows that the structure remains in
service after the earthquake, and also that the damage is hardly perceptible by means of visual
inspection.

6. CONCLUSIONS

An e�cient model to describe the behaviour of rubber-like materials is developed and applied
to the analysis of buildings with base isolation devices. Firstly, a hyperelastic phenomenology
approach is developed taking into account visco-elasticity as well as plasticity in an additive
split of the strain energy function W. Mixing theory is used to incorporate the basic constitutive
law for each substance, rubber and carbon black particles, into the overall model. Secondly, an
exponential algorithm is applied to update the elastic state of deformation in the elastoplastic
formulation. Next, a simple displacement=pressure �nite element without additional pressure points
is expressed, capable of dealing with the quasi-incompressibility of rubber. Finally, values for the
parameters of the model are suggested in order to �t experimental results for laminated elastomeric
bearings.
The proposed approach models not only the overall response of elastomeric bearings, but also

permits the analysis of complete seismic base isolated buildings. Geometric and material non-
linearities are considered, both in the bearing model and in the reinforced concrete structure.

APPENDIX

I.1. Connection element

In order to analyse the whole structure-base isolation system, a connection element has been
developed.
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Figure 11. Connection element using a three-nodes beam element and a four-nodes plane one

A beam element is connected to a plane element at the middle point of one of its sides. At the
connection point the displacements must be the same. As a consequence, the displacements (u; v)
of the node 3 of the beam can be obtained by linear interpolation of the displacements (u; v) of
the nodes 4 and 5. The relationship between the rotation at the end of the beam (node 3) and the
displacements of nodes 4 and 5 are written accepting that the joint is rigid [32; 33]


 u3v3
�3


 =


 0·5 0 0·5 0

0 0·5 0 0·5
− cos �=L − sin �=L cos �=L sin �=L




︸ ︷︷ ︸
m

·



u4
v4
u5
v5


 (61)

Using this equation, the relationship between the displacement �elds of the beam and of the
connection element is

ubeam =




u1
v1
�1
u2
v2
�2
u3
v3
�3



(9× 1)

=
[
I(6× 6) 0
0 m(3× 4)

]
︸ ︷︷ ︸

T(9× 10)

·




u1
v1
�1
u2
v2
�2
u4
v4
u5
v5



(10× 1)

=T · ucon (62)

The forces at the end of the beam can be related to the forces at nodes 4 and 5 of the plane
element in a similar way


0·5 0 − cos �=L
0 0·5 − sin �=L
0·5 0 cos �=L
0 0·5 sin �=L




︸ ︷︷ ︸
mT

·

H3V3
M3


 =



H4
V4
H5
V5


 (63)
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Denoting Fbeam the force vector of the standard beam element and Fcon the same for the con-
nection element, the relationship between both is TTFbeam =Fcon. Forces and displacements are
related through the sti�ness matrix

Kbeam(9× 9) ·ubeam =Fbeam→ TT ·Kbeam·T︸ ︷︷ ︸
Kcon(10×10)

·ucon =Fcon (64)

where Kcon is the sti�ness matrix of the connection element.
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