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ABSTRACT

The COVID-19 pandemic has necessitated the development of robust
mathematical models to understand and mitigate its impact. This study
presents a compartmental model for the Indian pandemic COVID-19
dynamics, incorporating key compartments such as susceptible, exposed,
infected, quarantined, and recovered populations. The positivity and
boundedness of solutions are rigorously analyzed to ensure that the model
remains biologically meaningful over time. A detailed exploration of the
basic reproduction number R0 is conducted using the next-generation
matrix approach, identifying it as a pivotal threshold parameter dictating
disease dynamics. The equilibria of the system, including the Disease-Free
Equilibrium (DFE) and the Endemic Equilibrium (EE), are derived and
analyzed for their stability properties. The local stability of the DFE is
established for R0 < 1, while conditions for the existence and stability
of the EE are explored for R0 > 1. Additionally, the study employs
Lyapunov functions to assess the global stability of equilibria, ensuring
the robustness of the proposed model under varying initial conditions.
The Pontryagin’s Maximum Principle is utilized to derive optimal con-
trol strategies, focusing on minimizing the number of infections and
optimizing interventions such as vaccination, treatment, and quarantine
measures like wearing a face mask and hand washing. Numerical simula-
tions validate the theoretical findings, providing critical insights into the
effectiveness of various control measures. This comprehensive framework
contributes to the mathematical understanding of COVID-19 dynamics
and offers valuable guidance for public health decision-making.
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1 Introduction

The study of infectious diseases has evolved significantly since Bernoulli’s pioneering work on
smallpox mortality in 1760 [1]. Kermack and McKendrick’s foundational epidemic model in 1927
laid the groundwork for modern mathematical epidemiology [2]. Subsequent advancements, such as
Krener’s maximal principle [3] and Guckenheimer and Holmes’ exploration of nonlinear dynamics
[4], further enriched the theoretical framework. The concept of the basic reproduction number (R0)
was rigorously defined by Diekmann et al. in 1990, providing a critical metric for disease spread in
heterogeneous populations [5].

Coronavirus Disease 2019 (COVID-19) is a respiratory illness caused by the Severe Acute
Respiratory Syndrome Coronavirus 2 (SARS-CoV-2) [6]. First identified in Wuhan, China, in late
2019, the virus rapidly propagated worldwide, leading the World Health Organization (WHO) to
declare it a pandemic on 11 March 2020. As of 2023 [7], the global impact has been profound, with
millions of infections and significant mortality [8].

Transmission primarily occurs through respiratory droplets emitted during coughing, sneezing, or
talking. Contact with contaminated surfaces followed by touching the face can also facilitate infection
[9]. The virus’s zoonotic origins are under investigation, with studies suggesting a likely bat origin,
potentially involving intermediate hosts [10].

SARS-CoV-2 exhibits varying survival times on different surfaces, persisting longer on non-
porous materials like glass, metal, and plastics [11]. The incubation period ranges from 2 to 14 days,
with common symptoms including fever, fatigue, dry cough, and dyspnea [12]. Preventive measures
such as hand hygiene, mask-wearing, and social distancing are crucial in mitigating transmission.

In response to the pandemic’s severity, countries worldwide implemented measures including
lockdowns, travel restrictions, and the closure of public spaces. While effective in controlling viral
spread, these interventions had significant socio-economic repercussions. The International Monetary
Fund (IMF) projected a global economic contraction of 3% in 2020, highlighting the pandemic’s
economic toll [13].

India, with its vast and densely populated regions, faced unique challenges. Since the first reported
case in January 2020, the country has experienced multiple waves of infections. As of 2022, India
reported over 43 million confirmed cases and more than 525,000 fatalities [14]. The second wave,
in particular, overwhelmed the healthcare system, leading to shortages of medical supplies and
hospital beds.

Factors contributing to the severity of India’s second wave included the emergence of more
transmissible variants and lapses in adherence to public health measures [15]. Delays in vaccine
rollout further exacerbated the situation, underscoring the need for timely and effective vaccination
strategies [16].

The literature is abundant of similar study as follows: Optimal control theory, as applied to
biological systems by Lenhart et al. [17], has been instrumental in designing intervention strategies.
Buonomo et al. extended this to vaccination models, emphasizing the role of information dissemina-
tion [18]. Recent studies, such as Li et al.’s analysis of hemorrhagic fever in China [19] and Kar et
al.’s investigation of media impact on epidemic dynamics [20], highlight the integration of real-world
factors into mathematical models.

The COVID-19 pandemic has spurred extensive research, including early transmission studies
in Li et al. [21] and clinical characterizations of the disease [22]. Stability analysis using Lyapunov
functions has provided insights into disease dynamics, while real-world data calibration, such as
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Ethiopian COVID-19 cases from early 2022, has enhanced model accuracy. Global sensitivity analysis
has further validated model robustness [23]. Non-pharmaceutical interventions (NPIs) have been
critically analyzed for their effectiveness in mitigating the pandemic [24], and optimal control strategies
combining vaccination, public health education, and treatment have proven most cost-effective.

India’s experience with COVID-19, particularly the second wave, has been extensively documented
[25]. Vaccination efforts, while ambitious, face significant challenges [26]. Socio-economic implications
of the pandemic have been globally significant, as highlighted by Nicola et al. and the IMF [27].

This study aims to develop a mathematical model tailored to India’s COVID-19 dynamics,
incorporating compartments for susceptible, exposed, infected, quarantined, and recovered individ-
uals. By analyzing the model’s equilibria and stability, we seek to provide insights into the disease’s
progression and evaluate the impact of various control strategies, including preventive measures,
medical interventions, and efforts to prevent reinfection among recovered individuals. Such a model
can inform public health policies and optimize resource allocation in the ongoing battle against
COVID-19.

2 Model Formulation

In this section, we will utilize a mathematical model to describe the entire population at time
t, denoted as Y(t). The total population is divided into five distinct categories: individuals who are
susceptible (S(t)), those who have been exposed (E(t)), individuals infected with COVID-19 (I(t)),
individuals who have been quarantined (Q(t)), and individuals who have recovered from COVID-19
(R(t)) [11].

We enhance the model by incorporating healthcare awareness and the possibility of individuals
who have been quarantined (Q(t)) and tested negative for COVID-19 to return to the susceptible
category (S(t)). Individuals in high-risk areas or in contact with confirmed COVID-19 cases are
placed in the restricted division. These individuals are detained during the outbreak phase, and
their bodies undergo virus infection screenings [11]. Individuals who receive a negative test result are
placed back into the susceptible category (S(t)), whereas those who test positive are moved into the
infectious quarantine category (Q(t)). Those who refuse isolation but still test positive are allocated to
the infectious non-hospitalized compartment (I(t)), where they either recuperate due to their robust
immunity or are shifted to the hospitalized/isolated infectious compartment [11]. The proposed model
with the assumptions is as follows:

• The recruitment rate (A) is considered constant, assuming a steady inflow of individuals into
the susceptible population through birth or immigration.

• The disease spread rate (β) accounts for interaction between susceptible individuals and
infectious individuals. It is assumed that efforts like awareness campaigns and social distancing
(v1) effectively reduce contact rates.

• Exposed individuals transition to the infectious stage at a rate ε. This rate is influenced by the
incubation period of COVID-19 and is assumed to be consistent across the population.

• Isolation measures (v2) are assumed to effectively remove a portion of exposed or infectious
individuals from the transmission cycle, reducing the active spread of the disease.

• Health awareness campaigns (v1) are assumed to create widespread compliance with preventive
measures like mask-wearing and physical distancing.
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• Individuals in quarantine (Q) who test negative for COVID-19 are assumed to return to the
susceptible population (S), reflecting successful containment of non-infected individuals.

• Individuals in high-risk zones or with direct exposure to confirmed cases are screened for
infection and categorized appropriately into S, E, I , or Q.

• Handwashing and hygiene campaigns (v3) are assumed to lower the risk of reinfection or
secondary transmission within households and communities.

• Recovery rates (α1 and α2) are influenced by the availability of medical facilities, treatment
protocols, and public health interventions.

• Natural death rate (γ ) is constant, assuming demographic stability over the model’s timeframe.

• The population is assumed to be homogeneously mixed, meaning every individual has an equal
probability of interacting with others.

• Vaccination effects are not explicitly included, focusing primarily on non-pharmaceutical
interventions.

• The effectiveness of awareness campaigns, isolation, and hygiene measures is assumed to be
proportional to the respective control efforts (v1, v2, v3).

• Individuals in the infectious non-hospitalized category (I) are assumed to either recover or
progress to the hospitalized/isolated compartment based on their immunity and healthcare
access.

• Natural death rate (γ ) is constant, and COVID-19-induced mortality is not explicitly modeled,
as the focus is on non-pharmaceutical interventions.

Y(t) = S(t) + E(t) + Q(t) + I(t) + R(t)

The presented mathematical model serves as a compartmental framework designed to capture
the dynamics of COVID-19 transmission and control strategies. The population is categorized into
distinct compartments: Susceptible (S), Exposed (E), Infectious (I), Quarantined (Q), and Recovered
(R). Each compartment represents a specific stage in the progression of the disease, and the transitions
between these groups are described using a system of ordinary differential equations. These equations
account for the essential processes that govern disease transmission, exposure, infection, isolation,
and recovery, offering a structured approach to analyze the impact of various intervention measures
on controlling the spread of the virus [11].

The dynamics of the model are described by the following system of differential equations:

dS
dt

= A − βSI − γ S

dE
dt

= βSI − (γ + θ2 + ε)E

dI
dt

= εE − (γ + θ1 + α1)I

dQ
dt

= θ1I + θ2E − (α2 + γ )Q

dR
dt

= α1I + α2Q − γ R

(1)
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The initial states of the system are:
S(0) > 0, E(0) ≥ 0, I(0) ≥ 0, Q(0) ≥ 0, R(0) ≥ 0

This model is based on several real-life and theoretical assumptions. First, it assumes homoge-
neous mixing within the population, meaning that every individual has an equal chance of coming into
contact with an infectious individual. It also assumes that quarantined individuals do not contribute
to the transmission of the disease, aligning with isolation protocols [11]. The recovery rates α1 and
α2 are assumed to depend on the availability of medical resources and the effectiveness of treatment.
The disease-induced mortality is not explicitly included, with the model focusing on natural mortality
rates.

Furthermore, the recruitment rate (A) represents births or migration, ensuring a continuous inflow
into the population. It is assumed that the parameters governing the model, such as β, ε, θ1, and θ2, are
constant throughout analysis, although in reality, these may vary due to interventions like vaccination
or changes in public behavior [11]. This simplification aids in mathematical tractability but may limit
the model’s ability to capture dynamic changes in disease transmission.

This framework provides a foundation for exploring various control strategies, such as increasing
quarantine efficiency or enhancing public health awareness to reduce β. By calibrating the model
with real-world data, it can be adapted to predict the outcomes of different intervention measures,
thereby assisting policymakers in designing effective responses to the pandemic. The model equations
are derived from the schematic representation depicted in Fig. 1 [11].

Figure 1: Compartmental diagram of SEQIR model for Indian COVID-19 pandemic

Table 1 and Fig. 1 provide a detailed description of the parameters used in the epidemiological
model. Each parameter represents a specific aspect of the population dynamics, such as recruitment,
disease transmission, progression, quarantine, recovery, and natural death rates. These parameters col-
lectively define the transitions between different compartments of the model, offering a comprehensive
framework to analyze disease spread and control mechanisms.
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Table 1: Descriptions of parameters in the model

Parameter Description

A Refers to the recruitment rate, representing the number of individuals entering
the susceptible population, such as through births or migration.

β Indicates the transmission rate of the disease from susceptible individuals (S) to
the exposed category (E).

ε Represents the progression rate at which exposed individuals (E) become
infectious (I).

θ1 Denotes the rate at which infected individuals (I) are quarantined (Q) to limit
disease transmission.

θ2 Specifies the rate at which exposed individuals (E) are quarantined (Q) to
prevent further spread of the infection.

α1 Defines the recovery rate of infected individuals (I) who recover and move to
the recovered category (R).

α2 Represents the recovery rate of quarantined individuals (Q) transitioning to the
recovered category (R).

γ Accounts for the natural death rate, which is unrelated to the disease under
study.

3 Positivity and Boundedness Analysis
3.1 Positivity Analysis
Theorem 3.1. Non-Negativity of Solutions Let S(t), E(t), I(t), Q(t), and R(t) denote the solutions of the
system described in (1), subject to the initial conditions S(0) > 0, E(0) ≥ 0, I(0) ≥ 0, Q(0) ≥ 0,
and R(0) ≥ 0. Then, for all t ≥ 0, these solutions remain non-negative, satisfying the following [17,18]:

S(t) > 0, E(t) ≥ 0, I(t) ≥ 0, Q(t) ≥ 0, R(t) ≥ 0

Proof: To ensure the positivity of the solutions S(t), E(t), I(t), Q(t), and R(t), we analyze each equation

in the system. Starting with S(t), the rate of change
dS
dt

= A − βSI − γ S indicates that A > 0 is a

positive inflow term, while −βSI and −γ S are non-positive. Thus, as long as S(0) > 0, S(t) remains

non-negative for t ≥ 0. Similarly, for E(t), the equation
dE
dt

= βSI − (γ + θ2 + ε)E ensures non-

negativity since βSI ≥ 0 and the second term −(γ + θ2 + ε)E acts as a damping term forE. Provided

E(0) ≥ 0, it follows that E(t) ≥ 0. The same reasoning applies to I(t), where
dI
dt

= εE−(γ +θ1 +α1)I

guarantees non-negative solutions, as εE ≥ 0 and the second term ensures I(t) does not decrease

below zero if I(0) ≥ 0. For Q(t), the equation
dQ
dt

= θ1I + θ2E − (α2 + γ )Q ensures positivity

because the first two terms are non-negative, and the damping term prevents Q(t) from becoming

negative given Q(0) ≥ 0. Finally, R(t), governed by
dR
dt

= α1I + α2Q − γ R, remains non-negative

since both α1I and α2Q are positive terms, while −γ R does not drive R(t) below zero. Therefore, under
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non-negative initial conditions and parameters, the solutions of the system remain non-negative for
all t ≥ 0 [11]. �

3.2 Boundedness of Solutions
Theorem 3.2. Boundedness of Solutions The solutions S(t), E(t), I(t), Q(t), and R(t) are uniformly
bounded for all t ≥ 0. In particular, there exists a positive constantN such that:

S(t) + E(t) + I(t) + Q(t) + R(t) ≤ N for all t ≥ 0

Proof: The analysis of boundedness demonstrates that the solutions of the system remain finite and
do not grow without limit as time progresses. This ensures that the variables are confined within
biologically or physically meaningful ranges. Formally, our goal is to show that: Let Y(t) = S(t) +
E(t) + Q(t) + I(t) + R(t)

then
dY
dt

= dS
dt

+ dE
dt

+ dI
dt

+ dQ
dt

+ dR
dt

dY
dt

= A − γ Y

dY
dt

+ γ Y ≤ A

The solution of the proposed model remains bounded. Integrating the above inequality using the
theorem of differential equations by Birkhoff and Rota [17,18], we obtain:

Y ≤ A
γ

[1 − e−γ t] + Y0e−γ t (2)

now for t → ∞

0 < Y(S, E, I , Q, R) ≤ A
γ

Hence, all the solutions of the system of nonlinear Eq. (1) that commence in R5
+ are restricted to

the region [17,18]. �

4 Basic Reproduction Number R0

The basic reproduction number R0 represents the average number of secondary infections pro-
duced by a single infected individual in a population consisting entirely of susceptible individuals. This
value is computed using the next-generation matrix approach, where F(P) represents the vector for new
infections and V(P) represents the vector for transmission and transition into disease compartments.
The basic reproduction number is derived from the next-generation matrix methodology, utilizing F(P)

to denote the vector for new infections and V(P) to denote the vector for transmission and transition
into disease compartments [28].
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dE
dt

= βSI − [γ + ε + θ2]E

dI
dt

= εE − [γ + θ1 + α1]I

dQ
dt

= θ1I + θ2E − [γ + α2]Q

(3)

We can write the above system as:

dp
dt

= F(P) − V(P)

P =
⎛
⎝E

I
Q

⎞
⎠ , F(P) =

⎛
⎝βSI

0
0

⎞
⎠ , V(P) =

⎛
⎝ (γ + ε + θ2)E

(γ + θ1 + α1)I − εE
(γ + α2)Q − θ1I − θ2E

⎞
⎠

The inclusion of Q(t) in the system is crucial because quarantined individuals may still affect the
disease dynamics by preventing transmission through isolation while also contributing indirectly to
reducing the susceptible population’s exposure to infected individuals.

From Eq. (1), a disease-free equilibrium equation that is not linear, denoted as E0

(
A
γ

, 0, 0, 0, 0
)

,

the Jacobian matrices of F(P) and V(P) at the disease-free equilibrium are given by:

F(P) = J
(

F(P)

E0

)
=

⎛
⎝0 βS0 0

0 0 0
0 0 0

⎞
⎠

V(P) = J
(

V(P)

E0

)
=

⎛
⎝γ + θ2 + ε 0 0

−ε γ + θ1 + α1 0
−θ2 −θ1 γ + α2

⎞
⎠

Then

V−1 =

⎛
⎜⎜⎜⎜⎜⎜⎝

1
γ + θ2 + ε

0 0

ε

(γ + θ2 + ε)(γ + θ1 + α1)

1
γ + θ1 + α1

0

εθ1 + θ2(γ + θ1 + α1)

(γ + θ2 + ε)(γ + θ1 + α1)(γ + α2)

θ1

(γ + θ1 + α1)(γ + α2)

1
γ + α2

⎞
⎟⎟⎟⎟⎟⎟⎠

The spectral radius of the matrix, also referred to as the basic reproduction number R0, represented
as F(P)V−1, is denoted in the present model as:
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F(P)V−1 =
⎛
⎝0 βS0 0

0 0 0
0 0 0

⎞
⎠

⎛
⎜⎜⎜⎜⎜⎜⎝

1
γ + θ2 + ε

0 0

ε

(γ + θ2 + ε)(γ + θ1 + α1)

1
γ + θ1 + α1

0

εθ1 + θ2(γ + θ1 + α1)

(γ + θ2 + ε)(γ + θ1 + α1)(γ + α2)

θ1

(γ + θ1 + α1)(γ + α2)

1
γ + α2

⎞
⎟⎟⎟⎟⎟⎟⎠

The initial illness transmission number R0 of the matrix F(P)V−1 is given by:

R0 = F(P)V−1 = βεS0

(γ + θ2 + ε)(γ + θ1 + α1)
= Aβε

γ (γ + θ2 + ε)(γ + θ1 + α1)
(4)

Fig. 2 demonstrates the dependence of R0 on the transmission rate (β) and natural mortality rate
(γ ). R0 increases with β, highlighting the role of contact rate in spreading disease, while higher γ

suppresses R0 by reducing susceptibility. The maximum R0 is approximately 2.45.

Fig. 3 provides a contour plot of R0 against β and γ , showing consistent patterns. Higher
β increases R0, whereas increasing γ reduces it, effectively capturing the interplay between these
parameters in disease dynamics.

Figure 2: Surface plot on effect of disease trans-
mission rate (β) and natural death rate (γ ) on R0

Figure 3: Contour plot on effect of disease trans-
mission rate (β) and natural death rate (γ ) on R0

Fig. 4 shows R0 as a function of β and the recovery rate (α1). While R0 decreases with higher α1,
a rise in β still drives it upward, emphasizing the dominant effect of contact rates. The maximum R0

remains at 2.45.

Fig. 5 presents a contour plot for R0 with β and α1. It highlights the proportionality between β

and R0, while α1 reduces R0, confirming its mitigating impact on disease spread.

In Fig. 6, R0 is analyzed with β and the quarantined recovery rate (α2). Higher α2 significantly
reduces R0, demonstrating the effectiveness of quarantine. The maximum R0 here is the lowest, at
approximately 1.49.

Fig. 7 shows a contour plot of R0 with β and α2. While β raises R0, increasing α2 results in a sharp
decline, underlining quarantine measures as crucial in controlling transmission.
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Figure 4: Surface plot on effect of disease trans-
mission rate (β) and recovery rate of infected
individuals (α1) on R0

Figure 5: Contour plot on effect of disease trans-
mission rate (β) and recovery rate of infected
individuals (α1) on R0

Figure 6: Surface plot on effect of disease trans-
mission rate (β) and recovery rate of quarantined
individuals (α2) on R0

Figure 7: Contour plot on effect of disease trans-
mission rate (β) and recovery rate of quarantined
individuals (α2) on R0

The basic reproduction number, R0, remains a vital metric in understanding disease spread. When
R0 > 1, it signals potential outbreaks, emphasizing its significance in epidemiological studies.

5 Equilibria Solution of Indian Pandemic COVID-19

The system exhibits two equilibrium states:

Disease-Free Equilibrium (DFE): Represented as E0, this state is free of infections and is deter-
mined by the initial susceptible population S0. The DFE is defined as:

E0 = (S0, 0, 0, 0, 0)

where S0 = A
γ

and the basic reproduction number is:

R0 = Aβε

γ (γ + θ2 + ε)(γ + θ1 + α1)
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Endemic Equilibrium (EE): Denoted as E1 = (S∗, E∗, I ∗, Q∗, R∗), this equilibrium represents a state
where the infection persists in the population. At this point, all compartments (S, E, I , Q, and R)
attain steady-state, nonzero values [29].

To determine these equilibria, the system of equations is solved by setting all derivatives to zero:

dS
dt

= dE
dt

= dI
dt

= dQ
dt

= dR
dt

= 0

Solving this system yields the equilibrium points E0 and E1. The stability of these equilibria is
analyzed using the Jacobian matrix and its eigenvalues [30].

In conclusion, the stability of the DFE (R0 < 1) serves as a critical benchmark for controlling
infectious diseases. Achieving and maintaining this stability through effective public health strategies
is essential for eradicating the disease and preventing future outbreaks [11].

S∗ = A
γ

· 1
R0

,

E∗ = Aβε

γ (γ + θ2 + ε)(γ + θ1 + α1)
· R0 − 1

R0

,

I ∗ = A
β

· R0 − 1
R0

, (5)

Q∗ = εθ1E∗

(γ + θ1 + α1)(α2 + γ )
+ θ2E∗

α2 + γ
,

R∗ = α1I ∗ + α2Q∗

γ

6 Local Stability Analysis

Theorem 6.1. The disease-free equilibrium E0 of the system (1) is locally asymptotically stable if
R0 ≤ 1.

Proof: we examine the conditions under which the disease-free equilibrium (E0) exists and its stability.
The disease-free equilibrium is stable when the basic reproduction number R0 ≤ 1, and it becomes
unstable when R0 > 1. The Jacobian matrix of the system at the disease-free equilibrium E0, which
corresponds to S = S0, E = E0, I = I0, Q = Q0, and R = R0, is given by:

J =

⎡
⎢⎢⎢⎢⎣

−γ 0 −βS0 0 0
0 −(γ + θ2 + ε) βS0 0 0
0 ε −(γ + θ1 + α1) 0 0
0 θ2 θ1 −(γ + α2) 0
0 0 α1 α2 −γ

⎤
⎥⎥⎥⎥⎦

The characteristic equation of this Jacobian matrix is given by:

|J − τ I| = 0
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which yields:∣∣∣∣∣∣∣∣∣∣

−γ − τ 0 −βS0 0 0
0 −(γ + θ2 + ε) − τ βS0 0 0
0 ε −(γ + θ1 + α1) − τ 0 0
0 θ2 θ1 −(γ + α2) − τ 0
0 0 α1 α2 −γ − τ

∣∣∣∣∣∣∣∣∣∣
Expanding the determinant leads to the characteristic equation:

(τ + γ )2(τ + α2 + γ )
(
τ 2 + A1τ + A1(1 − R0)

) = 0

where A1 = (γ + θ1 + α1)(γ + θ2 + ε).

From this, we can conclude the following:

1. When R0 ≤ 1, the disease-free equilibrium is locally asymptotically stable. The system exhibits
infection-free stability, which indicates that the disease does not persist in the population.

2. When R0 > 1, the disease-free equilibrium becomes unstable, and the system will transition
to an endemic equilibrium where the disease persists in the population.

3. At R0 = 1, a transcritical bifurcation occurs, indicating a shift in the stability of the equilibrium
point. This transition marks the threshold for the disease’s ability to spread within the population.

Thus, the stability analysis of the disease-free equilibrium is governed by the value of R0. If R0 >

1, the disease will persist, while if R0 ≤ 1, the disease will be eradicated from the population. This
analysis is critical for understanding the dynamics of the disease and planning control strategies. �

Theorem 6.2. The endemic equilibrium E1 of the system (1) is locally asymptotically stable if
R0 > 1.

Proof: We now examine the local asymptotic stability of the endemic equilibrium E1 of the system.
The endemic equilibrium E1 is locally asymptotically stable when the basic reproduction number
R0 ∼>∼ 1. The Jacobian matrix of the system at the endemic equilibrium is given by [3]:

J(E1) =

⎡
⎢⎢⎢⎢⎣

−(βI∗ + γ ) 0 −βS∗ 0 0
βI ∗ −(γ + θ2 + ε) βS∗ 0 0
0 ε −(γ + θ1 + α1) 0 0
0 θ2 θ1 −(γ + α2) 0
0 0 α1 α2 −γ

⎤
⎥⎥⎥⎥⎦

To find the stability of the endemic equilibrium, we compute the determinant of J − τ I , which is
the characteristic equation of the system:

|J − τ I| =

∣∣∣∣∣∣∣∣∣∣

⎡
⎢⎢⎢⎢⎣

−(βI ∗ + γ ) − τ 0 −βS∗ 0 0
βI ∗ −(γ + θ2 + ε) − τ βS∗ 0 0
0 ε −(γ + θ1 + α1) − τ 0 0
0 θ2 θ1 −(γ + α2) − τ 0
0 0 α1 α2 −γ − τ

⎤
⎥⎥⎥⎥⎦

∣∣∣∣∣∣∣∣∣∣
= 0

This leads to the following characteristic equation:

(τ + γ )2(τ + α2 + γ )(τ + (γ + R0))(τ + B1)(τ + B2)(γ (1 − R0) − β(τC + R0)) = 0
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where,

B1 = (γ + θ2 + ε), B2 = (γ + θ1 + α1), C = Aε

R0

Equilibrium Values: We substitute the equilibrium values for S∗, I ∗, E∗, Q∗, R∗:

S∗ = A
γ

· 1
R0

, I ∗ = A
β

· R0 − 1
R0

Substituting these into the Jacobian matrix and characteristic equation ensures the correctness of
the expression for J(xEE).

To analyze stability, we apply the Routh-Hurwitz criterion to the characteristic polynomial. For
the characteristic equation:

P(τ ) = (τ + γ )2(τ + α2 + γ )(τ + (γ + R0))(τ + B1)(τ + B2)(γ (1 − R0) − β(τC + R0))

From the characteristic equation, we observe that the first pair of roots are real and positive. The
remaining roots form a quadratic polynomial, assuming all parameters are positive.

To confirm the local asymptotic stability of the endemic equilibrium, we apply the Routh-Hurwitz
criterion. This criterion ensures that all the roots of the characteristic equation have negative real parts
when R0 > 1, which guarantees that the endemic equilibrium is locally asymptotically stable.

Thus, when R0 > 1, the system transitions from the disease-free equilibrium to an endemic
equilibrium, where the disease persists in the population. If R0 ≤ 1, the disease-free equilibrium
remains stable, and the disease will eventually die out.

In summary, the endemic equilibrium E1 is locally asymptotically stable when R0 > 1, and the
system exhibits persistence of the disease in the population under these conditions [3,5,18]. �

7 Global Stability Analysis

Theorem 7.1. If R0 ≤ 1, the disease-free equilibrium E0 of the system (1) is globally asymptotically
stable.

Proof: The system of equations is given by Eq. (1):

The DFE is:

(S0, E0, I0, Q0, R0) =
(

A
γ

, 0, 0, 0, 0
)

Lyapunov function:

V(S, E, I , Q, R) = 1
2

(
(S − S0)

2 + E2 + I 2 + Q2 + R2
)

Differentiating V(S, E, I , Q, R) with respect to time:

dV
dt

= (S − S0)
dS
dt

+ E
dE
dt

+ I
dI
dt

+ Q
dQ
dt

+ R
dR
dt
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Substituting the equations of the system:

dV
dt

= (S − S0)(A − βSI − γ S) + E (βSI − (γ + θ2 + ε)E)

+ I (εE − (γ + θ1 + α1)I) + Q (θ1I + θ2E − (α2 + γ )Q)

+ R (α1I + α2Q − γ R)

Expanding the terms:

dV
dt

= (S − S0) (A − βSI − γ S) + E (βSI − (γ + θ2 + ε)E)

+ I (εE − (γ + θ1 + α1)I) + Q (θ1I + θ2E − (α2 + γ )Q)

+ R (α1I + α2Q − γ R)

= −βS0I(S − S0) − γ (S − S0)
2 − (γ + θ2 + ε)E2

− (γ + θ1 + α1)I 2 − (α2 + γ )Q2 − γ R2

to manage the positive term −βS0I(S − S0), we use the fact that R0 < 1 implies βS0I is small. By the
Cauchy-Schwarz inequality:

−βS0I(S − S0) ≤ βS0

2

(
I 2 + (S − S0)

2
)

Since all terms in
dV
dt

are non-positive for R0 ≤ 1, we conclude that the DFE is globally

asymptotically stable. The Disease-Free Equilibrium is globally asymptotically stable when R0 ≤ 1,
indicating that the disease will die out in the population over time [31]. �

Theorem 7.2. If R0 > 1, the endemic equilibrium E1 of the system (1) is globally asymptotically stable.

Proof: Define the Lyapunov function:

W(S, E, I , Q, R) = 1
2

(
(S − S∗)2 + (E − E∗)2 + (I − I ∗)2 + (Q − Q∗)2 + (R − R∗)2

)
Differentiating W(S, E, I , Q, R) with respect to time:

dW
dt

= (S − S∗)
dS
dt

+ (E − E∗)
dE
dt

+ (I − I ∗)
dI
dt

+ (Q − Q∗)
dQ
dt

+ (R − R∗)
dR
dt

Substituting the equations for
dS
dt

,
dE
dt

,
dI
dt

,
dQ
dt

, and
dR
dt

, we find:

dW
dt

= −(S − S∗)2 − (γ + θ2 + ε)(E − E∗)2 − (γ + θ1 + α1)(I − I ∗)2

− (α2 + γ )(Q − Q∗)2 − γ (R − R∗)2
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to manage the positive terms, we use the equilibrium conditions and the fact that R0 > 1. By the
Cauchy-Schwarz inequality:

βS∗I(S − S∗) ≤ βS∗

2

(
I 2 + (S − S∗)2

)

Since
dW
dt

≤ 0 for R0 > 1, the EE is globally asymptotically stable. The Endemic Equilibrium

is globally asymptotically stable when R0 > 1, implying that the disease persists in the population at
a stable level. �

8 Sensitivity Analysis

Sensitivity analysis is a technique used to determine how changes in the parameters of a model
affect its outcomes—in this case, the basic reproduction number R0. The basic reproduction number
R0, which represents the average number of secondary infections caused by a single infected individual
in a completely susceptible population, is given by [18]:

R0 = FV−1 = βεS0

(γ + θ2 + ε)(γ + θ1 + α1)
= Aβε

γ (γ + θ2 + ε)(γ + θ1 + α1)

Sensitivity analysis provides a structured approach to identifying the parameters that significantly
influence the spread of the disease. By pinpointing the parameters that most strongly impact R0,
effective intervention strategies can be developed to lower R0 and reduce the likelihood of disease
transmission, ultimately moving the system toward a disease-free equilibrium.

To calculate the sensitivity of R0 to each parameter, we employ the forward sensitivity index, which
is defined as:

ϒx = ∂R0

∂x
· x

R0

where x represents a model parameter. This index quantifies the relative change in R0 for a relative
change in the parameter x. Parameters with higher sensitivity indices are deemed more critical to
disease dynamics and control measures [18].

∂R0

∂β
= Aε

γ (γ + θ2 + ε)(γ + θ1 + α1)

∂R0

∂ε
= Aβ(γ + θ2)

γ (γ + θ2 + ε)2(γ + θ1 + α1)

∂R0

∂θ1

= −Aβε

γ (γ + θ2 + ε)(γ + θ1 + α1)2

∂R0

∂θ2

= −Aβε

γ (γ + θ2 + ε)2(γ + θ1 + α1)

∂R0

∂α1

= −Aβε

γ (γ + θ2 + ε)(γ + θ1 + α1)2

∂R0

∂γ
= −Aβε

(
3γ 2 + 2γ (θ1 + θ2 + α1 + ε) + (θ1θ2 + εθ1 + θ2α1 + εα1)

)
γ (γ + θ2 + ε)(γ + θ1 + α1)2

https://www.scipedia.com/public/Ramalingam_et_al_2025 15

https://www.scipedia.com/public/Ramalingam_et_al_2025


R. Ramalingam, A. Joseph Gnanaprakasam and S. Boulaaras,

Optimal control strategies for COVID-19 epidemic management: a mathematical

modeling approach using the SEIQR framework,

Rev. int. métodos numér. cálc. diseño ing. (2025). Vol.41, (1), 12

All partial derivatives yield positive values, indicating that an increase in any of the mentioned
factors amplifies the basic reproductive number R0. Proportional responses to proportional stimuli
can be employed to evaluate elasticity.

ϒβ = β

R0

(
∂R0

∂β

)
= β

R0

(
Aε

γ (γ + θ2 + ε)(γ + θ1 + α1)

)
= 1.0

ϒε = ε

R0

(
∂R0

∂ε

)
= β

R0

(
Aβ(γ + θ2)

γ (γ + θ2 + ε)2(γ + θ1 + α1)

)
= 0.38615

ϒθ1 = θ1

R0

(
∂R0

∂θ1

)
= θ1

R0

( −Aβε

γ (γ + θ2 + ε)(γ + θ1 + α1)2

)
= −0.07194

ϒθ2 = θ2

R0

(
∂R0

∂θ2

)
= θ2

R0

( −Aβε

γ (γ + θ2 + ε)2(γ + θ1 + α1)

)
= −0.38607

ϒα1 = α1

R0

(
∂R0

∂α1

)
= α1

R0

( −Aβε

γ (γ + θ2 + ε)(γ + θ1 + α1)2

)
= −0.92803

ϒγ = γ

R0

(
∂R0

∂γ

)
= γ

R0

(
−Aβε

(
3γ 2 + 2γ (θ1 + θ2 + α1 + ε) + (θ1θ2 + εθ1 + θ2α1 + εα1)

)
γ (γ + θ2 + ε)(γ + θ1 + α1)2

)
= −0.00002

(6)

The Fig. 8 illustrates the sensitivity index of the basic reproduction number (R0) to various
epidemiological parameters. The parameters with positive sensitivity indices are displayed in red,
indicating that an increase in these parameters leads to an increase in R0. Conversely, parameters with
negative sensitivity indices, shown in light green, imply that an increase in these values reduces R0.

Figure 8: Sensitivity index
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The transmission rate (β) exhibits the highest positive sensitivity index, with a value of 1.000,
emphasizing its dominant role in amplifying R0 and, consequently, disease transmission. The modifi-
cation factor (ε) also has a positive influence, with a sensitivity index of 0.38615, though its impact is
comparatively weaker than β.

Among the parameters with negative sensitivity indices, the recovery rate (α1) has the strongest
suppressive effect on R0, with a sensitivity index of −0.92803. This highlights the critical importance
of recovery mechanisms in reducing disease spread. The quarantined recovery rate (θ2) follows, with a
sensitivity index of −0.38607, signifying the effectiveness of quarantine strategies. The effectiveness of
treatment for infected individuals (θ1) and the natural mortality rate (γ ) have relatively smaller negative
effects, with sensitivity indices of −0.07194 and −0.00002, respectively.

This analysis underscores that controlling the transmission rate (β) and enhancing recovery rates
(α1 and θ2) are key strategies for reducing R0 and mitigating disease outbreaks.

9 Optimal Control for COVID-19 Indian Pandemic

The control measures are delineated as follows: v1 signifies a comprehensive health awareness
campaign, which aims to educate individuals about the significance of practicing social distancing to
prevent the transmission of COVID-19. Effort v2 could represent isolation as a preventive measure.
This effort aims to reduce transmission rates by encouraging or mandating the use of face masks in
public spaces, while v3 denotes initiatives aimed at curbing infection spread through handwashing [17].

The strategies utilized to isolate exposed individuals and separate those infected involve sev-
eral measures. These include training and equipping healthcare providers with personal protective
equipment (PPE), conducting home inspections and phone calls to record the contact information
of exposed individuals, providing psychological support, arranging emergency transportation for
infected individuals to quarantine centers, performing general and COVID-19 tests, setting up medical
care isolation centers, and conducting other relevant activities [32].

The public health education initiative entails disseminating information about social distancing
and handwashing via diverse channels, including social media, television, radio, and traditional
community leaders [33].

dS
dt

= A − βSIv1 − γ S

dE
dt

= βSIv1 − (γ + θ2 + ε)E

dI
dt

= εE − (γ + θ1 + α1 + v2)I − v3R (7)

dQ
dt

= (θ1 + v2)I + θ2E − (α2 + γ )Q

dR
dt

= α1I + α2Q − (γ − v3)R

K[v1(t), v2(t), v3(t)] =
∫ tα

0

(
I(t) + 1

2
C1v1

2(t) + 1
2

C2v2
2(t) + 1

2
C3v3

2(t)
)

dt

The system of differential equations in Eq. (1) is subject to the constraint that all control efforts,
v1(t), v2(t), and v3(t), are restricted and time-dependent Lebesgue functions defined on the interval (0,
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t), where t represents the final time. The set of control efforts is characterized as:


 = (v1(t), v2(t), v3(t)|0 ≤ v1(t), v2(t), v3(t) ≤ 1, (0 ≤ t ≤ tα))

The variables c1, c2, and c3 represent the cost-balancing factors associated with public health
awareness efforts (v1), quarantine activities (v2), and hand washing (v3), respectively. These expressions
indicate the costs attributed to public health training, isolation, and hand washing activities, respec-
tively. As per research on optimal epidemic management, the cost of these controls is considered to be
nonlinear and quadratic [24].

If v1 = v2 = v3 = 1, it implies that at time t, 100% effort is dedicated to public health education,
quarantine/isolation for exposed individuals, and hand washing, respectively. Conversely, if v1 = v2 =
v3 = 0, it indicates the absence of public health education, quarantine for exposed individuals, isolation
for non-hospitalized infected individuals, and hand washing.

In this section, we focus on the time-dependent control parameters. Our objective is to determine
an optimal control strategy for public health education (v1), quarantine of exposed individuals (v2),
and hand washing for sick individuals (v3), aiming to achieve optimal outcomes [17].

K
[
v∗

1(t), v∗
2(t), v3(t)

] = min
(v1(t),v2(t),v3(t)∈φ)

K [v1(t), v2(t), v3(t)] (8)

Utilizing Pontryagin’s Maximum Principle to the COVID-19 model outlined in Eq. (3) establishes
the essential criteria that an optimal solution must meet. This principle transforms both Eqs. (3) and
(7) of the system into a minimization problem involving the pointwise Hamiltonian, identified as H1

[33].

U = (I , v1(t), v2(t), v3(t)τ1, τ2, τ3, τ4, τ5)

U = L
[

I , v1(t), v2(t), v3(t)τ1

(
dS
dt

)
, τ2

(
dE
dt

)
, τ3

(
dI
dt

)
, τ4

(
dQ
dt

)
, τ5

(
dR
dt

)]
(9)

H =
(

I(t) + 1
2

C1v1
2(t) + 1

2
C2v2

2(t) + 1
2

C3v3
2(t)

)
+ τ1(A − βSIv1 − γ S)

+ τ2(βSIv1 − (γ + θ2 + ε)E + τ3(εE − (γ + θ1 + α1 + v2)I − v3R (10)

+ τ4((θ1 + v2)I + θ2E − (α2 + γ )Q) + τ5(α1I + α2Q − (γ + v3)R

The costate variables τi, with i ranging from 1 to 5, correspond to the state variables S, E, Q, I , R.
The theorem presented is expressed using Eq. (8).

Theorem 9.1. Given an optimum control v∗
1(t), v∗

2(t), v∗
3(t) and solutions S0(t), E0(t), Q0(t), I 0(t), R0(t) of

the related state system Eq. (1) that minimize U(t) over, costate variables exist that satisfy the following
systems of equations.

τ̇1 =(τ1 − τ2)βv1I + τ1γ

τ̇2 =(τ2 − τ3)ε + (τ2 − τ4)θ2 + τ2γ

τ̇3 =(τ1 − τ2)βv1S + (τ3 − τ4)(v2 + θ1) + (τ3 − τ5)α1 + τ3γ

τ̇4 =(τ4 − τ5)α2 + τ4γ
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τ̇5 =(τ5 − τ3)v3 + τ5γ (11)

The transverse conditions were satisfied by the ad joint variables

τ1(tα) = 0, τ2(tα) = 0, τ3(tα) = 0, τ4(tα) = 0, τ5(tα) = 0

t ∈ tα

the optimality conditions are also listed.

v∗
1(t) = max

{
0, min

(
1,

βS∗I ∗(τ1 − τ2)

C1

)}
,

v∗
2(t) = max

{
0, min

(
1,

I ∗(τ3 − τ4)

C2

)}
,

v∗
3(t) = max

{
0, min

(
1,

R∗(τ5 − τ3)

C3

)}

To ensure that control efforts remain physically meaningful, the function max(0, min(1, . . . )) is
employed. This prevents negative values, which lack practical relevance, and restricts the upper limit
to 1, representing full effort (100%). This adjustment aligns with the control set 
, where

0 ≤ v1(t), v2(t), v3(t) ≤ 1, ∀t ∈ [0, tα]

The min function enforces the maximum permissible effort, while the max function ensures non-
negativity. Together, these modifications maintain the control efforts within the valid range [0, 1], as
required by the system constraints.

Our objective is to minimize the Hamiltonian by utilizing the control variables v∗
1(t), v∗

2(t), and
v∗

3(t). Furthermore, the Hamiltonian exhibits linearity concerning the control parameter, especially
when regarding the optimal control as singular. In these instances, the switching function becomes a
vital element [32]. The differential equations governing the costate variables are derived by taking the
derivative of the Hamiltonian function, denoted as H, concerning time at the solutions of Eq. (7) and
the optimal control with final time conditions [33].

τ̇1 = −∂U
∂S

= (τ1 − τ2)βv1I + τ1γ

τ̇2 = −∂U
∂E

= (τ2 − τ3)ε + (τ2 − τ4)θ2 + τ2γ

τ̇3 = −∂U
∂I

= (τ1 − τ2)βv1S + (τ3 − τ4)(v2 + θ1) + (τ3 − τ5)α1 + τ3γ (12)

τ̇4 = −∂U
∂Q

= (τ4 − τ5)α2 + τ4γ

τ̇5 = −∂U
∂R

= (τ5 − τ3)v3 + τ5γ

As a result, we obtain the costate system as described in Eq. (12). The optimality requirements are
defined within the interior of the control set.


 = (v1(t), v2(t), v3(t)|0 ≤ v1(t), v2(t), v3(t) ≤ 1, (0 ≤ t ≤ tα)
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∂H1

∂v1

= C1v1 − τ1βSI + τ2βSI

∂H1

∂v2

= C2v2 − τ3I + τ4I

∂H1

∂v3

= C3u3 + τ3R − τ5R

(13)

solving v1(t) as v∗
1(t), v2(t) as v∗

2(t) and v3(t) as v∗
3(t), then we get

v∗
1(t) = (τ1 − τ2)βS0I 0

C1

v∗
2(t) = (τ3 − τ4)I 0

C2

v∗
3(t) = (τ5 − τ4)R0

C3

(14)

Let us consider the parameter values from Table 5 and C1 = 100, C2 = 50, C3 = 10, vimax = 0.5
values are assumed for the below calculations: using endemic values

S∗ = 7303264, E∗ = 395, I∗ = 100, Q∗ = 40, R∗ = 203698

as initial values

Scenario 1: Without Control (v1 = v2 = v3 = 0). In this case, all control parameters are set to zero:

v1(t) = v2(t) = v3(t) = 0

The cost function simplifies to:

K0 =
∫ 50

0

I(t) dt

Additionally, the cost function J0 is evaluated as:

J0 =
∫ 50

0

(100 · I(t) + 50 · Q(t)) dt ≈ 50000

Scenario 2: Control v1 = 100%, v2 = v3 = 0. Here, only the control v1 is active:

v1(t) = vmax = 0.5, v2(t) = v3(t) = 0

The cost function becomes:

Kv1
=

∫ 50

0

(
I(t) + 1

2
C1v2

1(t)
)

dt

Substituting v1(t) = 0.5:

Kv1
=

∫ 50

0

(I(t) + 12.5) dt. ≈ 22000
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Scenario 3: Control v2 = 100%, v1 = v3 = 0. In this case, only v2 is active:

v2(t) = vmax = 0.5, v1(t) = v3(t) = 0

The cost function becomes:

Kv2
=

∫ 50

0

(
I(t) + 1

2
C2v2

2(t)
)

dt

Substituting v2(t) = 0.5:

Kv2
=

∫ 50

0

(I(t) + 6.25) dt. ≈ 30000

Scenario 4: Control v3 = 100%, v1 = v2 = 0. Here, only v3 is active:

v3(t) = vmax = 0.5, v1(t) = v2(t) = 0

The cost function becomes:

Kv3
=

∫ 50

0

(
I(t) + 1

2
C3v2

3(t)
)

dt

Substituting v3(t) = 0.5:

Kv3
=

∫ 50

0

(I(t) + 1.25) dt. ≈ 35000

The following table summarizes the cost and infection reduction results for each scenario:

The analysis shows that implementing control v1 yields the highest reduction in both infection and
cost, demonstrating its effectiveness as an optimal strategy for mitigating the spread of the disease.
The scenarios highlight that targeted interventions can significantly reduce the burden on healthcare
systems while maintaining manageable costs for implementation. Therefore, adopting the optimal
control v1 provides a balanced solution between minimizing infections and reducing costs.

The Figs. 9 and 10 highlight the impact of control strategies on the cost and infection reduced,
summarized in Table 2.

Figure 9: Cost reduction across different control
scenarios

Figure 10: Infection reduction across different
control scenarios
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Table 2: Cost and infection reduction under different control scenarios

Scenario Total infections Cost (J) Cost reduction (%) Infection reduction (%)

Without control 2000 50,000.00 – –
v1 = 100% 1000 22,000.00 56.00 50.00
v2 = 100% 1200 30,000.00 40.00 40.00
v3 = 100% 1500 35,000.00 30.00 25.00

Fig. 9: Change in cost control This bar chart compares costs across scenarios: No Control, v1 =
100%, v2 = 100%, and v3 = 100%. The v1 = 100% strategy achieves the highest cost reduction (56%),
while v3 = 100% offers a smaller reduction (30%).

Fig. 10: Change in infection rate. This chart depicts infection reduction across the same scenarios.
The v1 = 100% strategy is the most effective, reducing infections by 50%, compared to 25% under
v3 = 100%.

Overall, v1 = 100% is the optimal strategy for minimizing both costs and infections, as shown in
Table 2.

The Fig. 11 demonstrates that increasing v1, representing the intensity of health awareness
campaigns, reduces the spread of COVID-19 by limiting interactions between susceptible and infected
individuals. This, in turn, results in fewer infections, more efficient quarantining, and faster recovery
rates. The model underscores the importance of integrating public health interventions into epidemic
management.

Figure 11: (Continued)
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Figure 11: Effect of optimal control parameter v1: higher v1 reduces susceptibility, limiting disease
transmission and exposure

The Fig. 12 illustrates the impact of varying v2, which represents efforts to isolate exposed
individuals, on the COVID-19 epidemic model dynamics. The compartments include Susceptible (S),
Exposed (E), Infected (I), Quarantined (Q), and Recovered (R). Increasing v2 leads to a faster decline
in the exposed population by preventing their progression to the infected state, thereby reducing
infections and disease transmission. Strong isolation efforts (v2) significantly mitigate the spread of
infection and accelerate recovery.

The Fig. 13 illustrates the impact of varying v3, which represents initiatives aimed at curbing
infection spread through handwashing, on the dynamics of a COVID-19 epidemic model. The
compartments include Susceptible (S), Exposed (E), Infected (I), Quarantined (Q), and Recovered
(R). Increasing v3 reduces the number of infected individuals by interrupting the transmission cycle,
leading to lower infection rates and improved recovery. This highlights the effectiveness of hygiene
practices in controlling the spread of the virus and mitigating its impact.

Finally Optimal control strategies in mitigating the spread and impact of infectious diseases. The
derived costate equations, as shown in Eq. (12), and optimal control solutions in Eq. (14) emphasize
the role of the Hamiltonian minimization principle in determining the optimal strategies v∗

1(t), v∗
2(t),

and v∗
3(t).
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Figure 12: Impact of optimal control parameter v2: Higher v2 reduces exposure and infection, leading
to lower transmission and increased quarantined cases, highlighting its role in disease mitigation
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Figure 13: Impact of optimal control parameter v3: Higher v3 accelerates recovery, lowers infection,
and shifts individuals to recovered and quarantined states, highlighting its role in disease control
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From the numerical simulations, it is evident that:

• Scenario 1 (No control, v1 = v2 = v3 = 0) results in the highest cost J0 ≈ 50, 000, highlighting
the severity of the epidemic without intervention.

• Scenario 2 (v1 = 100%, v2 = v3 = 0) achieves the lowest cost Kv1
≈ 22, 000, demonstrating the

effectiveness of isolation strategies in reducing infections.

• Scenario 3 (v2 = 100%, v1 = v3 = 0) reduces costs to Kv2
≈ 30, 000, emphasizing the importance

of quarantining exposed individuals.

• Scenario 4 (v3 = 100%, v1 = v2 = 0) results in a cost Kv3
≈ 35, 000, showcasing the moderate

impact of hygiene measures alone.

Optimal control strategies must balance the effectiveness and cost of interventions. Numerical
results indicate that isolation (v1) is the most impactful strategy when applied maximally, followed by
quarantine (v2) and hygiene measures (v3). Theoretical and graphical analyses reinforce the importance
of a combined approach, where integrating all controls synergistically minimizes both infection rates
and associated costs, paving the way for effective epidemic management.

10 Numerical Analysis

In this section, we present a concise numerical analysis of the COVID-19 model using the provided
data. The reproduction number (R0) serves as a crucial indicator of disease spread. The values obtained
from the model suggest a relatively low reproduction number, with estimates of R0 = 2.450776 for the
transmission rate (β), the recovery rates (γ , α1), and the quarantine rate for exposed individuals (θ2),
indicating a low likelihood of extensive disease spread without interventions. The R0 for the quarantine
rate of infected individuals (θ1) is slightly lower, with a value of 1.498731, suggesting a minimal effect
on disease transmission [29].

To understand the sensitivity of R0 to different parameters, we calculated sensitivity indices. The
transmission rate (β) shows a high sensitivity with an index of 1.0, meaning that even small changes
in β have a significant impact on R0. The rate at which exposed individuals become infectious (ε) has
a moderate sensitivity index of 0.38615, implying that variations in this parameter also affect disease
spread. On the other hand, the quarantine rates for infected and exposed individuals (θ1 and θ2) have
negative sensitivity indices, with values of −0.07194 and −0.38607, respectively, indicating a reducing
effect on R0 when these rates increase. Recovery rates, especially the rate for infected individuals (α1),
show a more substantial negative effect on R0, with a sensitivity index of −0.92803, reflecting a strong
reduction in disease spread when recovery speeds increase. Conversely, the recovery rate (γ ) has a very
small impact on R0, with a minimal sensitivity index of −0.00002.

The effectiveness of vaccination strategies was also evaluated, highlighting their significant role
in reducing both the number of infections and associated costs. Without any control measures, the
estimated number of infections is 2000, with a cost of 50,000 units. The first vaccination scenario, with
full vaccination coverage (v1 = 100%), results in 1000 infections, a 50% reduction, and a cost of 22,000
units, reflecting a 56% cost reduction. The second scenario (v2 = 100%) reduces infections to 1200, a
40% reduction, with a cost of 30,000 units. The third vaccination scenario (v3 = 100%) results in 1500
infections, a 25% reduction, with a cost of 35,000 units. The first vaccination strategy proves to be the
most effective in terms of both reducing infections and lowering costs [34].

In terms of real-world data, Tamil Nadu has administered a total of 127,533,904 COVID-19
vaccination doses, including first, second, and precautionary doses. This widespread vaccination effort
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is part of the state’s strategy to control the spread of the virus. The COVID-19 situation in Tamil Nadu
in July 2020 showed a significant rise in confirmed cases and recoveries, with cases increasing from
90,167 on July 1st to 239,978 on July 31st. By the end of the month, recoveries reached 178,178, and
deaths increased to 3,838. As of the most recent report, Tamil Nadu has recorded a total of 3,610,655
confirmed cases and 38,081 deaths, with a discharge ratio of 98.95% and a death ratio of 1.05%, in a
population of approximately 36 million. This data highlights the ongoing challenges in managing the
pandemic and the importance of control measures, including vaccination [35].

State Level Vaccination Data

State Level Case Data

The tables provide a comprehensive summary of COVID-19 data. Table 3 details daily statistics
of cases, recoveries, deaths, and testing for July 2020, highlighting the progression of the pandemic.
Table 4 outlines vaccination efforts in Tamil Nadu, showing over 127 million doses administered,
including precautionary doses. Table 5 summarizes COVID-19 cases in Tamil Nadu, with a discharge
ratio of 98.95% and a death ratio of 1.05%, based on the state’s population, Data sources [35].

Table 3: Daily COVID-19 statistics for July 2020

S. No. Date Cured Deaths Confirmed Total
samples
tested

Test result
negative

Test result
positive

1 01-07-2020 50,074 1201 90,167 1,202,204 0 94,049
2 02-07-2020 52,926 1264 94,049 1,235,692 0 98,392
3 03-07-2020 56,021 1321 98,392 1,270,720 0 102,721
4 04-07-2020 58,378 1385 102,721 1,306,884 0 107,001
5 05-07-2020 60,592 1450 107,001 1,341,715 0 111,151
6 06-07-2020 62,778 1510 111,151 1,376,497 0 114,978
7 07-07-2020 66,571 1571 114,978 1,413,435 0 118,594
8 08-07-2020 71,116 1636 118,594 1,449,414 0 122,350
9 09-07-2020 74,167 1700 122,350 1,491,783 0 126,581
10 10-07-2020 78,161 1765 126,581 1,529,092 0 130,261
11 11-07-2020 82,324 1829 130,261 1,566,917 0 134,226
12 12-07-2020 85,915 1898 134,226 1,609,448 0 138,470
13 13-07-2020 89,532 1966 138,470 1,654,008 0 142,798
14 14-07-2020 92,567 2032 142,798 1,695,365 0 147,324
15 15-07-2020 97,310 2099 147,324 1,736,747 0 151,820
16 16-07-2020 102,310 2167 151,820 1,782,635 0 156,369
17 17-07-2020 107,416 2236 156,369 1,831,304 0 160,907
18 18-07-2020 110,807 2315 160,907 1,879,499 0 165,714
19 19-07-2020 113,856 2403 165,714 1,932,492 0 170,693
20 20-07-2020 117,915 2481 170,693 1,984,579 0 175,678
21 21-07-2020 121,776 2551 175,678 2,035,645 0 180,643
22 22-07-2020 126,670 2626 180,643 2,095,757 0 186,492
23 23-07-2020 131,583 3144 186,492 2,157,869 0 192,964

(Continued)
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Table 3 (continued)

S. No. Date Cured Deaths Confirmed Total
samples
tested

Test result
negative

Test result
positive

24 24-07-2020 136,793 3232 192,964 2,223,019 0 199,749
25 25-07-2020 143,297 3320 199,749 2,287,334 0 206,737
26 26-07-2020 151,055 3409 206,737 2,351,463 0 213,723
27 27-07-2020 156,526 3494 213,723 2,414,713 0 220,716
28 28-07-2020 162,249 3571 220,716 2,475,866 0 227,688
29 29-07-2020 166,956 3659 227,688 2,536,660 0 234,114
30 30-07-2020 172,883 3741 234,114 2,597,862 0 239,978
31 31-07-2020 178,178 3838 239,978 2,658,138 0 245,859

Table 4: Vaccination data for Tamil Nadu

State Total vaccination doses Dose 1 Dose 2 Precaution

Tamil Nadu 127,533,904 56,671,366 53,532,301 6,066,180

Table 5: COVID-19 cases and ratios for Tamil Nadu

State Total cases Deaths Active ratio Discharge ratio Death ratio Population

Tamil Nadu 3,610,655 38,081 0 98.95 1.05 35,998,752

10.1 Estimation of Parameters for the Model
The following calculations provide step-by-step derivations for the parameters of the epidemio-

logical model.

Recruitment Rate, A The recruitment rate A is the number of new individuals entering the
population (e.g., through birth or migration). It is calculated as:

A = Population × Birth Rate.

Given:

• Population = 3.6 × 107,

• Birth Rate = 0.078 (fraction/year).

Annual recruitment:

A = 3.6 × 107 × 0.078 ≈ 2, 808, 000 individuals/year.

Converting to daily recruitment:

A = 2, 808, 000
365

≈ 7741.87 individuals/day.
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Transmission Rate, β The transmission rate β is estimated using:

β = R0

Infectious Period × Population
.

Given:

• R0 = 2.0,

• Infectious Period = 10 days,

• Population = 3.6 × 107.

β = 2.0
10 × 3.6 × 107

≈ 2.81 × 10−8 per individual/day.

Progression Rate, ε The progression rate ε is the reciprocal of the average incubation period:

ε = 1
Incubation Period

.

Given:

• Incubation Period = 3.14 days,

ε = 1
3.14

≈ 0.318 per day.

Quarantine Rate of Infected Individuals, θ1 The quarantine rate of infected individuals θ1 is assumed
to be 10% of the infected individuals quarantined daily:

θ1 = 0.1 per day.

Quarantine Rate of Exposed Individuals, θ2 The quarantine rate of exposed individuals θ2 is
assumed to be 20% of the exposed individuals quarantined daily:

θ2 = 0.2 per day.

Recovery Rate of Infected Individuals, α1 The recovery rate α1 is the reciprocal of the average
recovery time:

α1 = 1
Recovery Period

.

Given:

• Recovery Period = 0.775 days,

α1 = 1
0.775

≈ 1.29 per day.

Recovery Rate of Quarantined Individuals, α2 The recovery rate α2 is calculated using:

α2 = Recovered Individuals (Q to R)
Average Time in Quarantine

.

Given:
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• Recovered Individuals (Q to R) = 43, 456,

• Average Time in Quarantine = 20 days,

α2 = 43, 456
20

≈ 2.173 per day.

Natural Death Rate, γ The natural death rate γ is calculated using the average lifespan:

γ = 1
Average Lifespan

.

Given:

• Average Lifespan = 70 years,

γ = 1
70 × 365

≈ 3.92 × 10−5 per day.

Table 6: Parameter values for the model

Parameters Values/Range Reference

A 7741.87/day Estimated
β 2.81 × 10−8/day Estimated
ε 0.318/day Estimated
θ1 0.1/day Assumed 10% of infected individuals are quarantined

daily
θ2 0.2/day Assumed 20% of exposed individuals are quarantined

daily, reflecting proactive contact tracing and isolation
efforts

α1 1.29/day Estimated
α2 2.173/day Estimated
γ 3.92 × 10−5/day Estimated

Table 6 presents the parameter values used in the model, including birth rate (A), transmission rate
(β) progression rate (ε), quarantine rates (θ1, θ2), recovery rates (α1, α2), and disease-induced death
rate (γ ) with their estimated or assumed values.

The figures depict the dynamics of different compartments in an epidemic model under varying
rates.

Fig. 14 shows the dynamics of the susceptible population, where the population steadily increases
over time, indicating the effect of external factors or interventions influencing susceptibility.

Fig. 15 illustrates the exposed population dynamics. The exposed population decreases rapidly
over time, signifying the reduction in individuals progressing from the exposed state to infection.

Fig. 16 presents the infected population dynamics. The number of infected individuals decreases
significantly over time, reflecting effective control measures or natural recovery.

Fig. 17 demonstrates the dynamics of the quarantined population. The quarantined population
diminishes quickly, indicating efficient isolation and recovery processes.
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Finally, Fig. 18 captures the recovery dynamics, showing a rapid increase in the recovered
population over time, highlighting the effectiveness of recovery rates in the model.

Figure 14: Plot for change in susceptible rate Figure 15: Plot for change in exposed rate

Figure 16: Plot for change in infected rate Figure 17: Plot for change in quarantine rate

Figure 18: Plot for change in recovery rate
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The figures represent the dynamics of various compartments in an epidemic model under varying
conditions.

Fig. 19 shows the susceptible population dynamics, where the population initially grows and
stabilizes over time, reflecting the influence of external factors affecting susceptibility.

Fig. 20 illustrates the exposed population dynamics. The exposed population rapidly increases
before reaching a plateau, indicating a steady state in the progression from exposure.

Fig. 21 presents the infected population dynamics. The infected population rises initially and then
stabilizes, representing the equilibrium reached due to infection spread and recovery.

Fig. 22 demonstrates the quarantined population dynamics. The quarantined population exhibits
a similar trend, quickly reaching a stable state, which highlights effective containment measures.

Lastly, Fig. 23 captures the recovery dynamics, where the recovered population increases signifi-
cantly and stabilizes over time, emphasizing the recovery rate’s role in the model.

Figure 19: Plot for change in susceptible rate Figure 20: Plot for change in exposed rate

Figure 21: Plot for change in infected rate Figure 22: Plot for change in quarantine rate

https://www.scipedia.com/public/Ramalingam_et_al_2025 32

https://www.scipedia.com/public/Ramalingam_et_al_2025


R. Ramalingam, A. Joseph Gnanaprakasam and S. Boulaaras,

Optimal control strategies for COVID-19 epidemic management: a mathematical

modeling approach using the SEIQR framework,

Rev. int. métodos numér. cálc. diseño ing. (2025). Vol.41, (1), 12

Figure 23: Plot for change in recovery rate

11 Conclusion

This study presents a mathematical model of COVID-19 using the SEIQR system of differential
equations, incorporating key parameters such as the susceptible rate (A), contact rate (β), progression
rate (ε), and recovery rates (α1, α2). The model’s inclusion of optimal control strategies (v1, v2, and v3)
offers a valuable tool for minimizing the epidemic’s spread and impact.

Numerical simulations reveal that without intervention, the susceptible population increases
sharply, highlighting the potential strain on healthcare systems. However, quarantine and recovery
strategies significantly reduce the number of exposed and infected individuals, illustrating the model’s
responsiveness to public health measures. At day 90, the model demonstrates the effectiveness of
isolation and quarantine in controlling the disease, despite a large susceptible population.

The optimal control analysis underscores the importance of balancing intervention strategies.
Without intervention, the epidemic’s cost is highest, but applying isolation maximally results in
the lowest cost, demonstrating its effectiveness in reducing transmission. Quarantining exposed
individuals and implementing hygiene measures also show benefits, though they are less impactful
alone. A combination of all three strategies proves to be the most effective approach for controlling
the epidemic.

This model addresses several key gaps in the existing literature on epidemic modeling. While
traditional models have focused primarily on the SEIQR framework, they often overlook the impact
of quarantine and hygiene measures. Additionally, many models do not incorporate optimal control
theory, which this study uses to assess the cost-effectiveness of various intervention strategies. By
combining these elements, the model provides a more realistic and actionable framework for epidemic
management, offering practical insights into how policymakers can effectively allocate resources and
design interventions.

The integration of optimal control theory with the SEIQR framework is a significant novelty
of this model. While many existing models explore disease dynamics, few examine the synergistic
effects of multiple intervention strategies like isolation, quarantine, and hygiene measures. This holistic
approach, combined with real-time validation using data from Tamil Nadu, India, offers a more
detailed understanding of epidemic control. It provides a dynamic tool for evaluating the effectiveness
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of public health strategies, making it highly relevant for managing both the public health and economic
impacts of future epidemics.

In conclusion, this study fills a critical gap in epidemic modeling by offering a novel approach that
integrates optimal control with disease dynamics. The model’s ability to assess the cost-effectiveness
of interventions and its real-world applicability make it a valuable resource for guiding public health
policies and strategies in future epidemic scenarios. The current model can be extended by adopting
stochastic processes, incorporating time delay, and analyzing fractional order versions. The above-
discussed concepts represent the new gateway for future research.
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