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ABSTRACT

This study explores a general framework for reliability analysis named
progressive interval Type-I censoring within a multi-stage step-stress
partially accelerated life testing setting. A more flexible alternative to
the traditional exponential model, known as the length-biased exponen-
tial (LBE) distribution, is employed to model failure times. Due to its
symmetrical feature, it has extensive applications in real-world domains
such as survival analysis, actuarial science, reliability, and mathematical
finance. The maximum likelihood approach of estimation is utilized to
estimate the model parameters, along with bootstrapping techniques to
assess estimation efficiency. Confidence intervals for the LBE parameters
are also derived based on asymptotic variances. To optimize the inspection
period, two competing optimality criteria—variance minimization (Var-
optimality) and determinant maximization (D-optimality)—are investi-
gated. A comprehensive Monte Carlo simulation study is conducted to
evaluate the performance of different estimation strategies, demonstrating
the superiority of the proposed methodology. Steel is particularly valued
for its toughness, wear resistance, and hardness, all of which can be
significantly modified through heat treatment and annealing processes.
So, a real-world application using hardened steel failure data validates the
practical relevance of the developed inferential framework. The findings
offer valuable insights for statisticians and reliability engineers in design-
ing efficient life-testing experiments under constrained resources.

1 Introduction

One frequently works with high-quality, incredibly dependable devices with a sizable lifespan due
to ongoing advancements in manufacturing design. It’s more challenging to find out the lifespan of
highly reliable equipment during testing under typical circumstances. Because of this, lifetime testing
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under typical circumstances is very expensive and time-consuming. To get failures in a short amount
of time, the most popular methods are the partially accelerated life test (P-ALT) and the accelerated
life test (ALT), where test units are performed under higher-than-usual stress conditions. To cause
early failures, units are tested under high-stress conditions. The failure data is then correlated with the
operational stress level using a specified stress-dependent model.

The P-ALT is appropriate in place of the ALT when the model in question is unknown. The units
in ALTs are only operated under accelerated circumstances or stress. They are, nevertheless, operated
at both accelerated and use conditions in P-ALTs. As a result, an experiment item is first run at a
usage condition using step-stress P-ALTs, and if it keeps working well after a while, it is then run at
an accelerated condition until it breaks or the observation is censored; refer to Ismail [1]. Then, the
P-ALT integrates both standard and accelerated life testing. P-ALTs aim to gather more failure data
in a shorter amount of time without subjecting all test units to high stresses. As indicated by Nelson
[2], the stress loading in a P-ALT can be applied by several methods. They include constant-stress,
step-stress, and progressive-stress. Every unit in constant-stress testing is run at a constant stress level
until the test is finished, with P-ALTs running each item at either the usage condition or the accelerated
condition only.

On the other hand, a test unit experiences progressively greater stress levels during the step-stress
P-ALTs. A test unit operates for a predetermined amount of time at a predetermined low stress. Stress
on it is increased and maintained for a predetermined time if it fails. Consequently, tension builds up
gradually until the test equipment malfunctions. Test units typically follow a predetermined pattern of
stress levels and test durations. We refer to the most basic step-stress P-ALT as simple step-stress P-ALT
because it simply employs two stress levels. Many scholars have examined the statistical conclusions
in this step-stress P-ALT, including Tang et al. [3], Xiong [4], Gouno et al. [5], Abdel-Hamid and Al-
Hussaini [6], Ismail and Aly [7], and more recently Pushkarna et al. [8], EL-Sagheer and Hasaballah
[9], Alotaibi et al. [10], Prakash et al. [11], Maurya et al. [12], among others.

The goal of these studies is to gather more failure data in a shorter amount of time without
subjecting every test unit to extreme stress. Step-stress P-ALTs are useful for many life-testing
issues where the test procedure takes a while if the test is only conducted under use conditions, as
Rahman et al. [13] pointed out. Step-stress P-ALTs are generally simpler to use and offer several
benefits, such as time savings, cost-effectiveness, and flexibility. Usually, ALTs or P-ALTs are used
under censored sampling to save additional time and cost. Type-I and Type-II censoring plans are
the most widely used techniques. Aside from the ultimate termination point, they do not let units be
taken out of the test. These factors bring us to the topic of progressive censoring, which allows for the
effective use of the resources at hand by removing a certain amount of test units that have not failed
after each testing phase. The current work tries to integrate P-ALTs via a progressive mechanism before
focusing on the best possible selection of stress level change points. Additionally, it investigates the
selection of the inspection interval’s duration based on length-biased exponential (LBE) distribution
sample findings. We examine the process of choosing between two contradictory optimality criteria:
Var- and D-optimality; for more details, see Gouno et al. [5] and Newer et al. [14].

The main contribution of this paper is fivefold:

e First, we analyze the LBE model from progressive interval Type-I censoring (PIC-T1) with equal
inspection intervals for the multiple-stage step-stress partially accelerated life test.

e Second, we discuss the estimation of the model parameter under the frequentist approach via
the method of maximum likelihood, and we determine the associated measures.
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e Third, we construct the bounds associated with the asymptotic confidence interval by utilizing
the information estimated from the observed Fisher information.

e Fourth, we also invoke the idea of bootstrapping re-sampling techniques via the bootstrap-p
approach to examine the efficiency of the estimations of the unknown LBE parameters in such
a scenario.

e Fifth, we provide the optimal lengths of inspection intervals in the proposed strategy when
dealing with the LBE distribution.

e Lastly, we performed an extensive simulation examination and a real-world physical example
to analyze the performance of different estimations, and several recommendations were drawn.
Applied practitioners, statisticians, and reliability engineers working in this subject should find
significant interest in the framework that this paper lays out as a guide for choosing the optimum
estimating method among the various inferential methods.

The rest of the paper is classified as follows: Section 2 provides the model description. Section 3
investigates the maximum likelihood method. Interval estimations are provided in Section 4. Criteria
for optimal interval length are examined in Section 5. Monte Carlo results are reported in Section 6.
In Section 7, a real application based on hardened steel specimen data is explored. Lastly, Section §
provides some concluding remarks and recommendations for the study.

2 Model Description and Censoring Plan

The multiple-stage (or k-stage) step-stress P-ALT with PIC-T1 will be discussed as follows: The
life-testing experiment, which uses progressively Type-I interval censored data, involves placing n units
in a k-level P-ALT. Up until time 7, the units are operated at stress level S,. During this period, the
number of failed units (n,) and the number of removed units (72,) are noted. More stress S, is now
applied to the remaining (n — n, — m,) survival units beginning at time t, and they continue until time
27, at which point the number 7, of failed units and the number 11, of removed units within the interval
(z,2t] are recorded, and so forth. The following constraints describe the model assumptions:

1. There are successively k-level of higher stresses S, < S, < ... < S, and k — 1 predetermined
inspection times: 7 < 27 < ... < (k— 1)t < kt = 00, where the normal used stress is assumed
tobe S, =0.

2. The point (k — 1)t at which the remaining tested units fail or are eliminated from the test
is known as the termination test time. This suggests that the following are the intervals of
inspection: (0, 7], (z, 27],..., ((k — 1)1, 00).

3. The probabilities of the removed units m;, 7, j = 1,2,...,k — 1 are randomly determined by
the experimenter.

4. According to the LBE indexed by the scale parameter o;, which has the inverse power function
provided by o; = ¢S;” at the level stress S;, j = 1,2, ..., k, the lifetimes of the n tested units are
distributed uniformly. When the power of the applied stress is denoted by the parameter p > 0
and the constant of proportionality by the parameter c.

Extended versions of popular distributions, like the LBE distribution, are recognized to offer more
modeling flexibility in various fields, including actuarial, medical, economic, financial, demographic,
and lifetime analytic sciences. The LBE model is, therefore, determined to be more flexible than the
exponential distribution. As mentioned in Dara and Ahmad [15], the exponential distribution weight
in line with Fisher’s idea can be used to create the LBE distribution. They also stated that its hazard
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rate function is more flexible than the traditional exponential model. However, the probability density
function (PDF), cumulative distribution function (CDF), and hazard rate function (HRF) of the LBE
(&) distribution are provided by

fOxE) = ges (1)
F(x;&)=1— (1 + g) eE, (2)
and

o) = 2 (1 + g) , 3

respectively, where & > 0 is the scale parameter and x > 0. Note that the reliability (or survival)
function (RF) is obtained by R(-) = 1 — F(-). Utilizing various selections of &, Fig. |1 depicts several
shapes for the density and failure rates of the LBE model. It is noticeable that the LBE density can be
used to model data that are mostly positively skewed. It also evidences the LBE failure rate that can
be analyzed with increasing HRFs, which is frequently used in reliability examinations.
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Figure 1: Several shapes of the PDF (left) and HRF (right) of the LBE distribution
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Let us now examine the k-stage step-stress P-ALT with equal inspection intervals of length 7 under
PIC-T1. Consequently, the CDF is provided by the cumulative exposure model’s assumptions, which

l—(l—i—g)e_g, f0<x<r,
1 ! 1 5 _(t+51(x—r)) f )
— +_ + — & 5 1 S ’

Fx) = ( : (t 1(x r))) e T <X T )
. 1 (k= Dr+8 _1x— (k- D)
1—(l+g((k—l)r—i—cSk_](x—(k—l)r)))e_ g , if(k—Dt <x<o0.

Thus, the test unit’s PDF is provided by
ge’g, if0<x<rt,
8 _ T4+8)(x—1)
wé( T ), if T < x < 2r,

S (X)) = § (5)
' k—1 5. — (k=1 k= DT +8 _ 1 (x— (k= D) )

« )T+ kéz(x ( )t))e’( =3 ), if (k—1)71 < x < o0.

3 Likelihood Inference

In statistics, one of the most significant and often applied techniques is the maximum likelihood.
The goal of maximum likelihood parameter estimation is to identify the parameters that will maximize
the sample data’s probability or likelihood. Moreover, maximum likelihood estimators (MLEs) are
flexible and can be used with a wide range of models and data kinds. Furthermore, they offer effective
techniques for measuring uncertainty using confidence bounds. These estimators are computed
numerically because they are not always available in closed form. This section presents the maximum
likelihood method-based point and interval estimates of the model parameters and acceleration factor
based on the gradually PIC-T1 data. Additionally, the model parameters and acceleration factor’s
Fisher information matrix (FIM) are shown.

Assume that n,,n,,...,n, is a sample from a k-stage step-stress P-ALT that has been gradually
PIC-T1 using the censoring scheme m = (m,,m,,...,m,). That is, while testing in the interval
((i — Dz, it] at stress x;, where i = 1,2,...,k, the number of failed units, n, is noted. Thus,
we obtain that n;|n,_,,...,n ~binomial(b; F/(t)), where b, = n — Z;: n — z/’;i m; and F(t) =
F(it) — F((i— D7)

1—F((G—-Dt)
The likelihood function is provided by

Lo [[[FGr) — F (G = DO)]"[1 — FGn)]™. (6)

i=1
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The likelihood function’s natural logarithm, £ = In L, can be expressed as

k
ﬁ = z {}’ll ln [a)a,l) - a)l] - Wli ln [a),]} 5 (7)
i=1
where
1 . ) B (ir+8ix=im))
w; = 1+§(n+81(x—11:)) e 3
and

(G=Dr+8_1) G—G=DD)
- 3

Wii-1y = (1 + é ((1 —Dr+d8iy(x—0G— 1)7))) e

Upon computing the initial partial derivatives of (7) concerning & and §;, we obtain the likelihood
equations as follows:

Y Y1y e
E = Zni(w(z‘—l) — )" |:e B (V(i—l)(x) =+ 573)/(?,1)(75)) - 87% (Vi(x) + 537/,-2()())]

— ma’ ((;—1 (yl-(x») oy (1 ; é (%-(x))) (”;f)) e@) ©

and

IL —
— = E ni(a)(i—l) - a)i)71
94, i=1

« [(x_(;—_”’) e (i () + 72, 0) - (x ;f’) e () + yf(x))]

e ((x —ime ¥ - (1 + é (yi(x))) S 2 ”)e—“‘é‘”)),
where y;,,(x) = ((l - Dt +68iy(x— (- 1)1’)) and y,(x) = (it + 8:(x — it)).

We now have a system of two non-linear likelihood equations in two unknowns, & and §;, (8)
and (9). It is impossible to resolve analytically. The estimations are obtained by the Newton-Raphson
(N-R) iteration approach.

)

4 Interval Inference

This section deals with obtaining the confidence intervals (Cls) of the unknown subjects. Since our
point estimate is the most likely value(s) for the parameter, it should serve as the foundation for the
confidence intervals. A set of values called Cls is used to provide precise estimations for an unknown
population characteristic. In this experiment, two different types of Cls were estimated.

4.1 Asymptotic Intervals

Normality-based asymptotic Cls (ACIs) are not very effective because Eq. (1)’s density is not
symmetric. The population under investigation is thought to adhere to the probability distribution
found in Eq. (1). Using a normal approximation or standardization in conjunction with the bootstrap-
ping interval is possible. When the exact distribution of a statistic is known, the resulting confidence
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interval is exact and provides a coverage probability equal to the stated confidence level (e.g., 95%). In
contrast, ACIs only approximate the confidence level—often under-performing for small samples—
but their accuracy improves with larger sample sizes, and methods like Wilson intervals or techniques
such as studentization process, Z transformation, and maximum likelihood estimation can enhance
their reliability. For additional details, one may refer to Deshmukh and Kulkarni [16]. Assuming that
¥ = (£,48,). It has been established that the asymptotic distribution of MLE values of N(0, p) is
produced by [(/S\ — &), (37 — 8,)] where p = p;, i,j = 1,2. The inverse of the FIM, which is provided
subsequently, is an estimate of the asymptomatic variance-covariance matrix, as was previously
mentioned. The approximately 100(1 — @)% two-sided Cls for & are provided by

(/ﬁ\ila au) . {,?1 + Z|_%\/,07ij, i= 1,2,
C e 1%} .
where Z,_g represents the standard normal distribution’s 100(1 - E)th upper percentile.

This subsection formulates the FIM for ¢ = (&, §,) as

€, €
e P (10)
2 9°L 92
where €,, = —, €, = €,;= ——, and €, = ——, such as
0&? 0£06; 06?

°L k n;
0&2 o Zle (wH _ w,-)2

x (ekl)ﬁmyéb(x){ E7(1-3")-1)—e

71’(,‘_1)()&)

(V(i—])(x) + 573)/(?,1)()6)) ] (a)(i—l) - a)z))

_(e—y"é">yf(x>{(€-3 (1-367) = 1) = (n0 + 777 w) D } ’
32[, k n;
T {m

— (=1 2 Vi1
(w(l”) - w") ((X(;—z)r)) e ( S)( : (1 + 3V<f71>(x) + V(?—l)(x))

- ((x = ) e (14 37,00 +720) - [( (w) e (i + 7, 0)

S2
al ;T) o (vi(x) + Vf(X))) (—(iT — (2_ I)T)) ]H
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and

asaa - z:-]

X { (a)(i—l) - Cl)f) {e S 1)” |:(x —(@—Dr) ( + Vi (X) + 25_3)/@'71)()0 + )/(f_l)(x)) ]

a)(z 1 a)i) ’

Yi—1H™)

e [(x —i7) (14 7(x) + 267 yi(x) + () “ (e‘s (Ve () + 7y, (0)
— " () +$‘3V,-2(X))) (—it — (;_ I)T) }

Notably, the observed FIM can be acquired, although the expectation of the values derived
from the log-likelihood second derivatives of the parameters is nearly impossible to obtain. While
traditional techniques for getting interval estimates frequently fail to produce sufficient results, a
popular alternative known as the resampling (alias Bootstrap) technique has gained widespread
popularity. Next, we’ll look at creating confidence intervals using the bootstrapping technique.

4.2 Bootstrapping Intervals

We recommend applying the percentile bootstrap technique (Boot-p), which is a popular member
of the bootstrap techniques. When the underlying distribution is an LBE distribution, there are
situations when the standard error of the point estimator is unknown. These scenarios frequently entail
complex variations and difficult applications of the standard expectation and variance operators. As
a workaround, one computationally intensive method that can be used to address this problem is
bootstrapping. Here are brief illustrations of both approaches, together with detailed directions; for
more details, see Chernick and LaBudde [17]. To conduct the Boot-p method, do the following steps:

Step-1: Calculate /S\ and :37, i=1,2,...,k, from a PIC-T1 sample.

Step-2: For each i within 1 and &, use the results in Step-1 to create a bootstrap sample from the

LBE distribution.

Step-3: Obtain E* and ;S\,* ofg and (SA, fori=1,2,...,k.

Step-4: Redo Steps 2-3 B times, then order £* and 3, to get the bootstrap sample as
({9‘»5[']’ o ’5*{8}) ,
Wherew=1,2,5;‘=§*and/z9\*=;3\* i=1,2,... k.

Step-5: Let ®(x) = P (#; < x) is the CDF for a given x. Define 9"
100(1 — @)% percent confidence interval of  may be found as

. o\ -, @
ﬁu'Bootfp E > 011’Boozfp 1 - 5 °

5 Optimum Inspection Length

= ®'(x). The estimated

wBoot—p

Examining the selection of t, the inspection interval length, in k-stage step-stress PALT with PIC-
T1 is one of the paper’s objectives. We present two selection criteria in this section that allow one to
determine the ideal value of 7.

https://www.scipedia.com/public/Alotaibi_et_al_2025 8
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5.1 Var-Optimality

In a reliability investigation, the mean lifespan is a crucial component. In a step-stress environ-
ment, the researcher is often interested in obtaining the most accurate mean life estimate at design
(use) stress. At the design (use) stress, from (5), the mean lifetime (denoted by US,) is given by 2&.

Let the MLE, Z/JEO, denote the mean lifetime at the design (use) stress US,. The criterion function
is defined as the asymptotic variance (AVar) of In(US,) MLE as

= AVar [ln (I/JTS‘O)]
=n(E, X)) I (£,8) &, X)),

where X, represents the stress under use and &° is the first derivative of £. Next, by minimizing t;, the
variance optimal 7 is found.

5.2 D-Optimality

Fisher’s information matrix determinant serves as the foundation for the second optimal criterion.
It has been widely applied to the process of organizing life tests. Determinant optimality, which takes
into account the entire parameter space, is a more reasonable criterion if one is more interested
in highly precise estimation. The generalized asymptotic variance (GAV) of the model parameter
MLESs can be used to construct it. It is known that the GAV is proportional to the reciprocal of the
determinant of the Fisher information matrix; hence, maximizing this determinant is equivalent to

decreasing the GAV. For more details, read Bai et al. [18]. The criterion function (denoted by t;) is
then defined by
1

TB: —_—, = 1,2,...,k.
15,5,

As a result, the ideal inspection interval duration is selected, minimizing GAYV. It is observed that
Fisher’s information matrix serves as the foundation for both the Var-optimality and D-optimality
criteria. These standards have been widely applied in the process of choosing designs for planned
experiments. Practically, when a dataset of PIC-T1 using a k-stage step-stress P-ALT is available, the
smallest value of the Var-optimality criterion and the highest value of the D-optimality criterion will
produce the best inspection interval duration.

6 Monte Carlo Comparisons

To assess and compare the real behavior of the acquired point and interval estimators of the LBE
lifetime model, we generate 1000 random samples from PIC-T1 using a k-stage step-stress P-ALT with
equal inspection intervals. For this objective, without loss of generality, we set £k = 4, &€ = 0.5, and
(n = 30,60,100,150,200). Taking (t,, ., 75, ») = (0.5, 1.0, 1.5, 2.0), different scenarios with
respect to the stress levels (8, 8,, 85, 8,), namely (0.5, 1.0, 1.5, 2.0) and (0.75, 1.25, 1.75, 2.25) are also
considered. Here, we assumed that the lengths of all inspection periods are similar for simplicity.

Making use of the maxLik programming package in R (version 4.2.2), we calculate all acquired
point and interval estimators of & and §,. Additionally, we recommend using the maxNR optimization
function to apply the N-R method, which is available in the maxLik package. The initial guess points
used to run the N-R iterative sampler are taken as the actual values of & and §; proposed in this part.
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With a constraint 7, = 1, three proportion styles of 7, for i = 1, 2, 3, of the progressive-censoring
(PC) form; fori =1,2,...,4, are utilized in the simulation processes, namely PC [1] = &; = 0.05, PC
[2l=m =0.15,and PC[3]=m;, = 0.25fori = 1,2, 3.

In all calculation settings, the average estimates (Av.Es) of & (as an example) are given by
1000

AVEE) = —— » &V
v.E(§) 1000 £,
p=1
respectively, where £ is the offered estimate of £ at ith simulated sample.

For each combination of full sample size », inspection points T;, stress points §;, and progressive
proportions 7; for i = 1,2, 3,4, we evaluate all analytical results of £ (as an example) based on the
following criteria:

a. Mean Absolute Bias (MAB):
y 1
MAB() = ——

£(p) _
1000 “—,=1 g d }’
b. Root Mean Squared-Error (RMSE):

1000

o 1 1000 /o 2
= _— (p) —
RMSE®) = |/ 1005 > (87 - ¢).
c. Average Interval Length (AIL):
1 1000

AIL;I—IZ)% — m Zp=1 (ué(/’) - Eg(p))a

and

d. Coverage Percentage (CP):

P = "y ®
¢ 1000 “=o=t = (40 ti0)

respectively, where D°(-) denotes the indicator, and (£(-),2(-)) denotes the interval limits of &.

Besides the proposed numerical investigations on the unknown parameters £ and §,, i = 1,2, 3,4,
according to variance and optimality criteria, we also determine the optimal lengths of inspection
intervals, say t; and t;, respectively. The estimation outputs of 6, §,, §,, and §; are reported in
Tables 1-4. Tables 5-6 list the fitted values for the optimal criteria t; and t;,.

Table 1: Estimates of & in Monte Carlo simulation

PC n MLE ACI Boot
Av. E AB RMSE AIL CP AIL CP
Stress-1I

PCII] 30 1.173 0.673 0.703 0.832 0.928 1.475 0.906
60 1.146 0.646 0.662 0.564 0.934 0.891 0.925
100 1.141 0.641 0.650 0.427 0.937 0.615 0.931
150 1.138 0.638 0.645 0.346 0.941 0.483 0.936
200 1.137 0.637 0.642 0.299 0.944 0.457 0.938
(Continued)
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Table 1 (continued)

PC n MLE ACI Boot
Av. E AB RMSE AIL CP AIL CP

PC[2] 30 1.095 0.601 0.644 0.745 0.930 0.964 0.921
60 1.072 0.572 0.598 0.516 0.936 0.720 0.928
100 1.065 0.565 0.581 0.397 0.939 0.538 0.935
150 1.061 0.561 0.571 0.323 0.942 0.428 0.938
200 1.058 0.558 0.566 0.280 0.945 0.377 0.941

PC [3] 30 1.047 0.570 0.622 0.728 0.932 0.766 0.930
60 1.020 0.523 0.561 0.503 0.937 0.580 0.935
100 1.000 0.500 0.524 0.387 0.940 0.430 0.938
150 0.989 0.489 0.506 0.316 0.943 0.354 0.941
200 0.988 0.488 0.503 0.274 0.946 0.308 0.943

Stress-11

PC 1] 30 1.071 0.573 0.601 0.727 0.932 1.312 0.909
60 1.056 0.556 0.571 0.500 0.937 0.681 0.928
100 1.053 0.553 0.562 0.385 0.941 0.596 0.934
150 1.052 0.552 0.558 0.308 0.945 0.481 0.939
200 1.051 0.551 0.555 0.263 0.948 0.422 0.941

PC[2] 30 1.027 0.536 0.570 0.679 0.934 0.771 0.924
60 1.007 0.507 0.530 0.473 0.940 0.588 0.931
100 0.996 0.496 0.511 0.363 0.943 0.469 0.938
150 0.990 0.490 0.501 0.295 0.946 0.418 0.941
200 0.988 0.488 0.497 0.255 0.949 0.344 0.944

PC [3] 30 0.965 0.497 0.538 0.657 0.936 0.723 0.933
60 0.948 0.457 0.487 0.460 0.941 0.516 0.938
100 0.940 0.442 0.467 0.356 0.944 0.388 0.941
150 0.923 0.424 0.442 0.290 0.947 0.332 0.944
200 0911 0.411 0.427 0.251 0.949 0.280 0.946

Table 2: Estimates of §, in Monte Carlo simulation

PC n MLE ACI Boot
Av. E MAB RMSE AIL CP AIL CP
Stress-1I
PCII] 30 1.319 0.843 0.977 2.089 0.875 2.855 0.864
60 1.284 0.787 0.870 1.431 0.904 1.755 0.898
100 1.271 0.771 0.826 1.090 0912 1.402 0.901
(Continued)
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Table 2 (continued)

PC n MLE ACI Boot
Av. E MAB RMSE AIL CP AIL CP

150 1.267 0.767 0.806 0.879 0915 1.245 0.906
200 1.267 0.767 0.796 0.768 0918 1.158 0.909

PC[2] 30 1.163 0.749 0.879 1.829 0.883 2.192 0.875
60 1.139 0.658 0.763 1.253 0.907 1.685 0.902
100 1.122 0.625 0.704 0.970 0914 1.290 0.905
150 1.113 0.615 0.672 0.792 0918 1.069 0.910
200 1.110 0.610 0.654 0.686 0.923 0.967 0912

PC[3] 30 1.101 0.735 0.889 1.799 0.885 2.090 0.878
60 1.065 0.618 0.728 1.236 0.908 1.492 0.904
100 1.036 0.560 0.657 0.941 0916 1.136 0.906
150 1.012 0.526 0.612 0.764 0.920 0.963 0912
200 1.021 0.528 0.612 0.660 0.924 0.847 0.916

Stress-11

PCII] 30 1.133 0.653 0.743 1.557 0.890 2.615 0.879
60 1.122 0.625 0.684 1.064 0919 1.414 0913
100 1.112 0.612 0.653 0.813 0.928 1.110 0918
150 1.106 0.606 0.636 0.649 0.931 0.968 0.921
200 1.106 0.606 0.627 0.553 0.936 0.887 0.924

PC[2] 30 1.050 0.609 0.721 1.392 0.898 1.789 0.890
60 1.025 0.542 0.619 0.947 0.922 1.292 0917
100 0.997 0.503 0.565 0.726 0.930 1.087 0.920
150 0.983 0.485 0.534 0.592 0.934 0.900 0.924
200 0.981 0.482 0.520 0.514 0.938 0.809 0.928

PC[3] 30 0.926 0.579 0.693 1.337 0.900 1.572 0.893
60 0.905 0.472 0.559 0.940 0.923 1.133 0.919
100 0.890 0.426 0.498 0.719 0.932 0.922 0.921
150 0.860 0.387 0.452 0.583 0.936 0.760 0.928
200 0.840 0.357 0.421 0.505 0.939 0.655 0.932
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Table 3: Estimates of §, in Monte Carlo simulation

PC n MLE ACI Boot
Av.E MAB RMSE AIL CP AIL CP
Stress-1

PCI] 30 1.593 0.613 0.711 1.716 0.907 2.347 0.893
60 1.105 0.465 0.586 1.218 0913 1.648 0.906
100 1.029 0.376 0.470 0.948 0916 1.298 0911
150 0.986 0.312 0.393 0.776 0.920 1.090 0914
200 0.979 0.287 0.340 0.697 0.922 0.969 0.916

PC[2] 30 1.208 0.655 0.855 1.855 0.904 2.633 0.884
60 0.565 0.576 0.746 1.262 0911 1.727 0.902
100 0.499 0.561 0.685 0.963 0915 1.353 0.907
150 1.560 0.570 0.648 0.782 0.919 1.184 0912
200 1.557 0.561 0.622 0.676 0.920 1.120 0914

PC[3] 30 0.310 0.879 0.968 2.618 0.890 3.218 0.876
60 0.200 0.813 0914 1.539 0.904 1.884 0.897
100 0.134 0.867 0.936 1.176 0913 1.518 0.903
150 0.084 0916 0.967 0.956 0915 1.228 0.908
200 0.082 0918 0.965 0.839 0917 1.142 0912

Stress-11

PC[1] 30 1.347 0.568 0.700 1.857 0.903 2.557 0.889
60 1.275 0.404 0.501 1.321 0.909 1.934 0.898
100 1.263 0.347 0.427 1.027 0912 1.523 0.903
150 1.238 0.298 0.364 0.842 0916 1.263 0.907
200 1.233 0.278 0.336 0.733 0918 1.117 0912

PC[2] 30 0.748 0.575 0.714 2.068 0.901 3.143 0.882
60 0.669 0.471 0.579 1.397 0.907 2.315 0.893
100 0.630 0.442 0.533 1.072 0912 1.776 0.900
150 0.605 0.428 0.506 0.871 0.915 1.468 0.904
200 0.596 0.425 0.491 0.756 0916 1.358 0.906

PC[3] 30 1.748 0.832 1.005 2.789 0.887 4.532 0.871
60 1.646 0.688 0.810 1.624 0.900 2.387 0.891
100 0.565 0.576 0.746 1.249 0911 1.831 0.897
150 0.429 0.589 0.694 0.989 0912 1.546 0.902
200 0.387 0.621 0.710 0.843 0916 1.370 0.904
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Table 4: Estimates of §, in Monte Carlo simulation

PC n MLE ACI Boot
Av. E MAB RMSE AIL CP AIL CP
Stress-1

PCII] 30 1.816 0.568 0.714 1.648 0.897 1.850 0.894
60 1.749 0.419 0.519 1.211 0912 1.360 0.909
100 1.700 0.336 0.417 0.954 0.916 1.072 0914
150 1.673 0.284 0.353 0.789 0.921 0.886 0916
200 1.673 0.256 0.319 0.687 0.925 0.771 0919

PC[2] 30 1.061 0.698 0.891 1.954 0.900 2.174 0.887
60 1.004 0.611 0.743 1.525 0.907 1.586 0.903
100 0.966 0.582 0.687 1.124 0912 1.251 0.909
150 0.938 0.577 0.663 0.926 0916 1.031 0912
200 0.930 0.575 0.648 0.806 0.919 0.897 0915

PC [3] 30 0.640 1.008 1.274 2.331 0.883 2.501 0.879
60 0.566 1.040 1.133 1.623 0.902 1.742 0.898
100 0.508 1.031 1.109 1.272 0.910 1.365 0.907
150 0.460 0.998 1.126 1.043 0914 1.120 0911
200 0.469 0.972 1.106 0.907 0.916 0.973 0912

Stress-11

PCI] 30 1.549 0.471 0.579 1.741 0.894 1.993 0.890
60 1.485 0.345 0.434 1.230 0911 1.409 0.907
100 1.473 0.270 0.338 0.981 0.913 1.123 0.910
150 1.449 0.220 0.278 0.814 0.919 0.932 0913
200 1.445 0.194 0.245 0.710 0.923 0.813 0915

PC[2] 30 1.398 0.670 0.892 2.070 0.888 2.349 0.883
60 1.318 0.494 0.619 1.459 0.904 1.655 0.900
100 1.249 0.442 0.553 1.159 0.910 1.316 0.903
150 1.207 0.404 0.508 0.959 0914 1.088 0911
200 1.204 0.379 0.470 0.837 0916 0.949 0913

PC [3] 30 0.904 0917 1.272 2.525 0.879 2.763 0.876
60 0.853 0.775 0.996 1.695 0.900 1.855 0.896
100 0.806 0.743 0.907 1.333 0.907 1.459 0.905
150 0.726 0.792 0917 1.096 0912 1.199 0911
200 0.684 0.823 0.929 0.954 0914 1.044 0.910
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Table 5: Optimum inspection times 7/, and 7} in Monte Carlo simulation at Stress-I

PC n k=2 k=3 k=4
T 113 Ty 15 T 113
PC[1] 30 0.7897 0.3818 0.3505 0.0747 0.0508 0.0142
60 0.3939 0.3545 0.1751 0.0673 0.0254 0.0124

100 0.2353 0.3319 0.1051 0.0587 0.0152 0.0103
150 0.1550 0.3235 0.0696 0.0559 0.0101 0.0094
200 0.1151 0.3190 0.0522 0.0545 0.0076 0.0091

PC[2] 30 0.8749 0.7794 0.3764 0.1751 0.0558 0.0290
60 0.4360 0.7133 0.1832 0.1729 0.0274 0.0263
100 0.2615 0.6857 0.1099 0.1298 0.0163 0.0173
150 0.1727 0.6386 0.0726 0.1153 0.0108 0.0146
200 0.1288 0.6222 0.0543 0.1099 0.0080 0.0137
PC [3] 30 1.0399 72.988 0.4685 15.024 0.0710 9.4136
60 0.5197 9.1610 0.2311 4.8917 0.0351 3.5934
100 0.3110 1.3062 0.1385 0.2614 0.0206 0.0269
150 0.2073 1.1369 0.0913 0.2282 0.0135 0.0243

200 0.1540 0.9657 0.0678 0.2072 0.0101 0.0242

Table 6: Optimum inspection times 7, and 7} in Monte Carlo simulation at Stress-11

PC n k=2 k=3 k=4
% 12 4% D L% 12
PCII] 30 0.7066 3.4859 0.2496 2.5627 0.0421 1.3039
60 0.3513 0.8747 0.1239 0.1246 0.0205 0.0244
100 0.2102 0.8379 0.0743 0.1147 0.0122 0.0207

150 0.1396 0.8173 0.0494 0.1090 0.0081 0.0190
200 0.1045 0.8030 0.0370 0.1051 0.0061 0.0180

PC[2] 30 0.8591 230.21 0.2909 55.895 0.0475 23.689
60 0.4035 1.6497 0.1368 0.2212 0.0224 0.0341
100 0.2416 1.5785 0.0804 0.2172 0.0131 0.0327
150 0.1608 1.5732 0.0532 0.1974 0.0086 0.0273
200 0.1202 1.5208 0.0398 0.1839 0.0064 0.0248

PC[3] 30 0.9318 360.94 0.4203 124.75 0.0608 59.221
60 0.4932 58.234 0.1681 35.771 0.0273 24.344
100 0.2934 20.429 0.0990 14.281 0.0161 11.436
150 0.1885 19.309 0.0636 6.9202 0.0102 5.8705

200 0.1394 4.3404 0.0467 0.5042 0.0074 0.0621
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From Tables 1-4, regarding the efficient estimation that provides the lowest MABs, RMSEs, and
AlLs, as well as the highest CPs, we reach the following conclusions:

e All offered estimates of & and §,, i = 1,2,3, serve good performance; that is the main
observation point.

e Asn tends to grow, all point (or interval) results of & and §,, i = 1, 2, 3, perform satisfactorily.

e Asé,, i =1,2,3, increase, it can be seen that:
— The MABs and RMSEs of &€ and §;, i = 1, 2, 3, decreased.

— The AlLs of & and §, decreased while those of §;,, i = 2,3, increased. The opposite
performance is observed in the comparison case based on their CP values.

e Asm;, i =2,3,4, increase (when 7, = 1), the simulated MAB, RMSE, and AIL values of & and
8, decreased while the associated CP values increased. The opposite observation is observed for
the estimation of 8, and ;.

e Comparing the interval estimates provided for & and &, i = 1,2,3,, it is observed that the
proposed asymptotic interval approach behaves superiorly compared to the bootstrapping
interval approach.

e In most scenarios, the CP values for all asymptotic (or bootstrapped) interval estimates exceed
the nominal 95% significance level.

e Lastly, we can sum up that both likelihood and asymptotic estimation methodologies behave
well in turn to estimate the LBE parameter in the presence of a data set available from PIC-T1
using the k-stage step-stress P-ALT.

From Tables 5-6, regarding the estimated criteria of an optimal time inspection, we provide the
following comments:

e When # increases, the estimates of 7; and t; narrowed down. Thus, the greater the number of
test units (n), the longer the ideal inspection duration.

e When k increases, the estimates of 7; and 7}, narrowed down. That is, the higher the stress level,
the shorter the examination period.

e When &, i = 2,3,4, increase (when m, = 1), the estimates of r; and t;, increased. This fact
means that the greater the number of subjects to be excluded at each stage, the shorter the
optimal period for inspection.

e If one aims to stop the test more quickly, the level of ;, i = 2, 3,4, should rise.
e When §, i = 1,2,3, grew, the estimates of t; decreased while those of 7}, increased.

7 Hardened-Steel Data Analysis

To highlight the adaptability of the proposed methods to practice, a physics data set consisting of
ordered times to failure in rolling contact fatigue of ten hardened steel specimens is analyzed. These
times were tested at each of four values of contact stress and recorded using a 4-ball rolling contact
tester at Mobil Research and Development’s Princeton laboratories; see Yan et al. [19]. In Table 7,
four groups of hardened steel failure times, each consisting of ten observations, are reported. Before
going to draw the proposed estimations, to check if the LBE lifetime distribution is a suitable model to
fit the hardened steel data sets or not, for each group, the Kolmogorov—Smirnov (KS) statistic (with
itsP-value) is obtained; see Table 8. Additionally, the MLE (with its standard error (Std.Err)) of & at
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each stress level is also developed in Table &. It indicates that the LBE distribution fits the hardened
steel data set so well.

Table 7: Four groups of hardened steel failure times

Stress Times

0.87 (10°psi) 1.67 220 251 3.00 390 470 7.53 1470 278 374
0.99 (10°psi) 0.80 1.00 1.37 225 295 370 6.07 6.65 7.05 7.37
1.09 (10°psi) 0.012 0.18 020 024 026 032 032 042 044 0.88
1.18 (10°psi) 0.073 0.098 0.117 0.135 0.175 0.262 0.270 0.350 0.386 0.456

Table 8: The MLE and KS from hardened steel data

Stress MLE KS

Est. Std. Err Distance P-value
0.87 (10°psi) 5.2705 1.1785 0.3755 0.0895
0.99 (10°psi) 1.9605 0.4384 0.2148 0.6708
1.09 (10°psi) 0.1636 0.0365 0.2011 0.8135
1.18 (10°psi) 0.1161 0.0259 0.1591 0.9289

Several comprehensive data visualizations have been meticulously constructed to offer an in-depth
understanding of the model’s behavior and the adequacy of its fit to the observed data. These graphical
tools include the estimated/empirical RF and estimated/empirical PDF overlaid with histograms
specifically derived from hardened steel lifetime data, as well as diagnostic plots such as the probability-
probability (P-P) and quantile-quantile (Q-Q) plots. Collectively, these visualizations serve to validate
the proposed model, assess its fit, and highlight potential deviations between theoretical and empirical
distributions under various stress levels; see Fig. 2. Fig. 2a,b demonstrates good alignment between
the estimated LBE model and the empirical reliability and probability density functions, with the PDF
overlaying a histogram of hardened steel lifetimes. Fig. 2¢,d shows points close to the theoretical lines,
indicating that the model provides a reasonably good fit to the observed hardened steel data. To show
the existence and uniqueness of the MLE £, at each stress level, Fig. 3 indicates that all fitted values
of £ (reported in Table 8) existed and are unique. To distinguish, in Fig. 3, the red line represents the
log-likelihood as a function of &, while the blue line marks its maximum log-likelihood value.

Now, to examine the acquired theoretical results, several samples are obtained from the fully
hardened steel data set under step-stress P-ALT via PIC-T1. Following Sief et al. [20], in Table 9,
various PIC-T1 data sets are simulated randomly and reported. These samples are collected based on
different options of 7;,, i = 1,...,5, (inspection periods) and 7, i = 1,...,5, (proportion styles of
PC) when the stress levels are assigned as §, = 0.87(10°psi), 8, = 0.99(10°psi), 8; = 1.09(10°psi), and
8, = 1.18(10°psi); see Table 9.
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Figure 2: Four data visualizations from hardened steel data
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Figure 3: Four log-likelihoods of & from hardened steel data

We now assess the performance of the point estimations (with their Std. Errs) and interval
estimations (with their interval-widths (IWs)) of & and §,, i = 1,2,3,4; see Table 10. It indicates
that the acquired estimates of all unknown subjects perform adequately in terms of their Std. Err
and IW values. It is also clear that the IWs obtained via the ACI approach behave well compared
to those obtained via the bootstrap approach. Furthermore, Fig. 4 shows that all estimates of & and
8, i=1,2,3,4, existed and are unique.

Moreover, from Table 9, to assess the optimal lengths of inspection intervals, we fitted the variance
and optimality criteria; see Table 11. It shows that the results of 7; and t;, increased when the PC’s
proportions increased. The opposite fact was also recorded when the inspection levels increased.
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Table 9: Different PIC-T1 samples from hardened steel data

PC Stress level (ty, 75, T3, T4, Ts5) (7y, 705, T3, T4, TTs) (ny, ny, 5, Ny, 1s) (M, My, M5, My, Ms)
PC[A] S, (0.1,0.5,1, 1.5, 2) (0.05, 0.05, 0.05, 0.05, 1) (0,0,0,0,1) (0,0,0,0,9)
8, (0,0,2,1,0) (0,0,0,0,7)
8, (1,8,1,0,0) (0,0,0,0,0)
84 (2,8,0,0,0) (0,0,0,0,0)
PC [B] §, (0.3,0.8,1.3, 1.8, 2.3) (0.15, 0.15, 0.15, 0.15, 1) (0,0,0,1,1) (1,1,1,0,5)
8, (0,1,1,1,1) (1,1,0,0,4)
8, (5,4,1,0,0) (0,0,0,0,0)
8, (7,3,0,0,0) (0,0,0,0,0)
PC[C] (0.4,1,1.5,2,2.5) (0.25,0.25, 0.25, 0.25, 1) (0,0,0,1,1) (2,2,1,1,2)
8, (0,2,1,0,1) (2,1,1,0,2)
8, (7,3,0,0,0) (0,0,0,0,0)
84 (9,1,0,0,0) (0,0,0,0,0)

Table 10: Estimates of £ and §;, i = 1, 2, 3, 4, from hardened steel data set

Par. MLE 95% ACI 95% Boot
Estimate Std. Err Lower Upper w Lower Upper w

PCA]

& 0.2503 0.0166 0.2179 0.2828 0.0649 0.1852 0.3876 0.2024

8 0.4597 0.0576 0.3467 0.5726 0.2259 0.3047 0.6329 0.3282

8 0.3946 0.0555 0.0257 0.5034 0.4777 0.0169 0.5403 0.5234

83 0.9745 0.0243 0.9343 1.0294 0.0951 0.8775 1.0987 0.2212

84 1.1907 0.0074 1.1746 1.2036 0.0290 1.1125 1.2710 0.1585
PC [B]

& 0.4058 0.0192 0.3683 0.4434 0.0751 0.3317 0.4991 0.1674

8 0.2907 0.0169 0.1770 0.3837 0.2067 0.1546 0.3795 0.2249

8 0.3221 0.0438 0.2651 0.4369 0.1718 0.2564 0.5678 0.3114

33 0.7025 0.0220 0.6635 0.7499 0.0864 0.6461 0.8257 0.1796

84 1.1592 0.0063 1.1190 1.1823 0.0633 1.0018 1.1296 0.1278
PC[C]

& 0.3976 0.0188 0.3607 0.4345 0.0738 0.3114 0.4380 0.1266

8 0.1327 0.0248 0.0841 0.1813 0.0972 0.0752 0.2188 0.1436

8 0.5204 0.0281 0.4649 0.5751 0.1101 0.4118 0.5642 0.1524

33 0.7411 0.0026 0.7349 0.7451 0.0102 0.6798 0.7970 0.1172

34 1.1654 0.0017 1.1597 1.1663 0.0067 1.0987 1.1969 0.0982
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(a) f (b) 51 (C) 62 (d) 53 (6) 54
Figure 4: The log-likelihoods of &€ and §,, i = 1,2, 3,4, from hardened steel data

Table 11: Optimum inspection times t; (1st Col.) and 7}, (2nd Col.) from hardened steel data set

PC k=2 k=3 k=4 k=5

PC[A] 0.00313  254.175 0.00283  198.743  0.00187  169.741  0.00105  127.822
PC[B] 0.00451 316.795  0.00447  278.432  0.00279 255983  0.00184  186.036
PC[C] 0.01011  449.463  0.00965  419.984  0.00949  364.129  0.00927  287.427

8 Conclusions

In this study, we examined the use of progressive censoring, step-stress P-ALT, and interval
data to create step-stress P-ALTs with PIC-T1 data. The LBE lifetime distribution at each stress
level was examined. Determining the optimum length of the inspection interval is a significant issue
for experimenters when analyzing the reliability of increasingly interval-censored life test data for
particular stress levels and test unit counts. The proposed asymptotic interval strategy performs better
than the bootstrapping interval approach. Two optimality criteria (var-optimality and D-optimality)
for determining the optimal length of the inspection interval were utilized for comparison. Certain life
tests necessitate the removal of test units at points other than the experiment’s final termination point;
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therefore, screening the test units continuously is impractical. The PIC-T1 system allows units to be
eliminated early and reviewed periodically. The results provide useful information to practitioners in
setting up appropriate life test plans under increasing Type-I interval censoring.
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