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Abstract. This paper focuses on the dynamic behavior of variable-span morphing wings (VSMW) oscil-
lating in pitch and plunge motions under subsonic flight conditions. The unswept cantilevered wing is
modeled as three-stepped Euler-Bernoulli beam. The aerodynamic loads acting on the wing are repre-
sented by Theodorsen’s unsteady aerodynamic theory. The differential equations of motion that describe
the behavior of the dynamics of Euler-Bernoulli beam are derived through the Hamilton’s principle. The
differential transformation method (DTM) is implemented to equations of motion and boundary condi-
tions. The solution of the aeroelastic system is obtained by the classical frequency domain solution,
k-method. Goland wing and High-Altitude Long-Endurance (HALE) wing are used as the basis for this
study. Prior to analyzing flutter characteristics of VSMW, validation cases are conducted to ensure that
the developed algorithm works well. Furthermore, flutter speed and flutter frequency are analyzed for
different elongation ratios of wing. There is a significant difference in flutter values of fully retracted and
fully extended wing configurations. It can be concluded that both flutter speed and flutter frequency de-
crease dramatically as wing span extends. Another important finding is that the flutter speed and flutter
frequency reductions are relatively high at the initial stages of wing span extension.

1 INTRODUCTION

Morphing wing technology has gained a great deal of attention in the scientific area due to its capabil-
ity to perform multi-role missions. The telescopic span morphing mechanism has ability to change wing
span in order to achieve better aircraft performance, enlarge the flight envelope and accomplish multiple
mission roles at different phases of flight. Moreover, asymmetrical wing span extension provides roll
control as an alternative to aileron control surfaces. Aeroelasticity is the field of study that is concerned
with the effects of interactions among aerodynamic, elastic and inertial forces on aircraft structures [1].
Flutter is an aeroelastic dynamic instability condition that affects the overall safety, flight performance
and energy efficiency of an aircraft. The flutter characteristics of span morphing wings should be inves-
tigated with utmost attention. The motivation behind this study is contributing to this growing area by
analyzing the flutter behavior of morphing wings.

Several investigations were performed to explore the aeroelastic characteristics of VSMW up to now.
Most of the span morphing concept are based on a telescopic mechanism which is introduced by Ivan
Mahhonine [2]. In 1931, first known examination of the telescopic span morphing wing was conducted
via the Makhonine Mak-10 aircraft.
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Ajaj et al. [3] investigated the aeroelastic behavior of VSMW. In their research, the effects of span
morphing on flutter are analyzed in detail. It is pointed out that the span morphing can act as a flutter
suppression device if high actuation rates are used to prevent large amplitudes oscillation. Gamboa et
al. [4] also studied the aeroelastic behavior of VSMW. They obtained mode shapes, natural frequencies
and flutter speed of a small UAV. The aerodynamic and static aeroelastic characteristics of VSMW of a
long-range cruise missile are analyzed by Seigler et al. [5]. Huang and Qui [6] investigated the transient
aeroelastic responses and flutter characteristics of VSMW during the morphing process. The result of
their studies presented that the flutter speed increases with increasing morphing speed during extension
process. It is also stated that the morphing technology would be a potential flutter control approach.
Huang and Yang et al. [7] investigated the significance of rigid-body motions for flutter behavior of
VSMW. It is suggested that the rigid-body motions should be included in the flutter analysis of VSMW.

2 STRUCTURAL AND AERODYNAMIC MODELING

The unswept cantilevered wing is modeled as an Euler-Bernoulli beam which is a widely preferred
model to simplify the wing structural model. The kinetic and potential energies of Euler-Bernoulli beam
are expressed in Eqs. (1)-(2), respectively.
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The term m is the wing mass per unit length, Xα is the static unbalance and Rα is the radius of gyration,
EI is the bending stiffness and GJ is the torsional stiffness. The aerodynamic loads acting on the wing
are represented by Theodorsen’s unsteady aerodynamic theory. The C(k) is the Theodorsen’s function
which is a complex-valued function of the reduced frequency. It consists of complex and real parts such
that C(k)=F(k)+iG(k) where F(k) represents the real part whilst G(k) represents the imaginary part [8].
The aerodynamic lift and moment expressions are given in Eqs. (3)-(4) in terms of C(k), respectively.
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+πρ∞b2(ẅ+U∞θ̇−baθ̈), (3)

M = b
(

1
2
+a
){

2πρ∞U∞bC(k)+
[
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where ρ∞ is the air density, U∞ is air stream velocity and a is the elastic axis location. Hamilton’s
principle is utilized in order to obtain the equations of motion that are expressed in Eqs. (5)-(6).
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It is assumed that the motions in both bending and torsion are harmonic. The exponential function of
time is used as the general solution to Eqs. (5)-(6). The finalized equations of motion in nondimensional
form are obtained by exponential solution function as following,

−µλ
4
1

1
ω2

d4w
dξ4 +µw+µ

Xθ

b
θ− lww− lθ = 0, (7)

−µλ
2
2

1
ω2

d2θ

dξ2 +µ
Xθ

b
w+µ

R2
θ

b2 θ+mww+mθθ = 0, (8)

where b is the semi-chord length. λ4
1, λ2

2 and µ are employed for simplicity and expressed as following,
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The complex dimensionless aerodynamic lift and moment coefficients lw, lθ, mw and mθ are listed as,

lw = 2
i
k

C(k)−1, (10)

lθ = a+
2
k2C(k)+

i
k

[
1+2

(
1
2
−a
)

C(k)
]
, (11)

mw = 2
i
k

C(k)
(

1
2
+a
)
−a, (12)

mθ = 2
(

1
2
+a
)

1
k2C(k)− i

k

(
1
2
−a
)[

1−2
(

1
2
+a
)

C(k)
]
+a2 +

1
8
. (13)

The beam is divided into three-equal segments to represent the morphing wing concept. A three-

stepped wing model is given in Figure 1.

Figure 1: Schematic view of the three-stepped wing model.

The boundary conditions of three-stepped beam for bending and torsion motions are given in Table 1
as following,
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Table 1: Bending and torsion boundary conditions of three-stepped beam model.

Fixed end Free end
Bending Torsion Bending Torsion

w1 = 0 θ1 = 0
d2w3

dy2 = 0
dθ3

dy3
= 0

dw1

dy1

d3w3

dy3 = 0

The bending and torsion continuity conditions of three-stepped beam at y = li, where i = 1,2, are
given in Table 2.

Table 2: Bending and torsion continuity conditions of stepped beam model.

Bending Torsion
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3 DIFFERENTIAL TRANSFORMATION METHOD

DTM is a powerful mathematical technique for solving ordinary and partial differential equations
which can be applied to many engineering problems to obtain analytical solutions [9]. This method is
basically based on Taylor series expansion. The main distinction between the present technique and the
Taylor series method is that the DTM has the capability of decreasing the size of computational work.

Let f (x) be an analytical function in K domain and x = x0 represent any point in K. Thus, the
function f (x) can be defined by a power series where the center is at x0. F(k) is referred to as the kth

order transformed function of original function f (x) about the point x = x0,
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1
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]
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. (14)

The inverse differential transform of the f (x):
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∞
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Putting together Eq. 14-15:
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which is actually the expansion of the Taylor series for f (x) about x− x0.
Mathematical operations conducted by DTM are given in Table 3. Using these rules, governing

equations are transformed into new expressions.

Table 3: Main operations of the DTM.

Original Function Transformed Function

f (x) = u(x)± v(x) F(k) =U(k)±V (k)

f (x) = au(x) F(k) = aU(k)

f (x) =
du(x)

dx
F(k) = (k+1)U(k+1)

f (x) =
dmu(x)

dxm F(k) = (k+1)(k+2) · · ·(k+m)U(k+m)

f (x) = u(x)v(x) F(k) =
k

∑
l=0

V (l)U(k− l)

The boundary conditions of the system are also transformed by the DTM boundary condition rules
which are given in Table 4.

Table 4: Boundary Condition Relations of DTM.

x=0 x=1
Original BCs Transformed BCs Original BCs Transformed BCs

f (0) = 0 F(0) = 0 f (1) = 0
∞

∑
k=0

F(k) = 0

d f
dx (0) = 0 F(1) = 0 d f

dx (1) = 0
∞

∑
k=0

k.F(k) = 0

d2 f
dx2 (0) = 0 F(2) = 0 d2 f

dx2 (1) = 0
∞

∑
k=0

k.(k−1)F(k) = 0

d3 f
dx3 (0) = 0 F(3) = 0 d3 f

dx3 (1) = 0
∞

∑
k=0

k.(k−1).(k−2)F(k) = 0

The k-method, which is also known as American method, is utilized for the solution of aeroelastic
system. In this method, artificial damping parameter g is introduced to calculate the flutter speed of the
system.

Z =
1+ ig

ω2 (17)
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For the given specified reduced frequencies, the solution of the Eqs. (7)-(8) gives Z. After Z is
calculated, the frequency ωi, the artificial damping g, and the flight speed Vi can be calculated from the
following expressions,

ωi =
1√

Re(Z)
, (18)

g =
Im(Z)
Re(Z)

, (19)

Vi =
ωib
k

. (20)

3.1 Application of the differential transformation method

DTM rules are applied to the aeroelastic equations of motion, which are given in equation Eqs. (7)-
(8), the transformed equations of motion are given in the following expressions,
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Z
λ4

1
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)
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where w[m] and θ[m] denote the transformed forms of the terms w and θ, respectively. DTM is also
applied to the associated boundary conditions. The transformed boundary conditions of the cantilevered
Euler-Bernoulli beam are given in Eqs. (23)-(26),

w(0) = w(1) = θ(0) = 0, (23)

∞
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∞

∑
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kθ(k) = 0. (26)
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4 NUMERICAL RESULTS

4.1 Verification of the numerical method

To validate the accuracy and reliability of the developed algorithm, two wing types that are well
known in literature, Goland and HALE wings, are taken into consideration. The structural and geomet-
rical properties of Goland and HALE wings are given in Table 5.

Table 5: The structural and geometrical properties of Goland and HALE wings.

Parameter Unit Goland wing HALE wing
Half span (l) m 6.096 16
Chord (l) m 1.8288 1
Bending rigidity (EI) N.m2 9.77x106 2x1014

Torsional rigidity (GJ) N.m2 0.987x106 1x1014

Wing mass per unit length (m) kg/m 35.71 0.75
Mass moment of inertia about elastic axis per unit length (IEA) kg.m 8.64 0.1
Elastic axis position from leading edge (y0) m 0.33c 0.5c
Static Unbalance kg 6.523 0

By implementing the parameters of Goland and HALE wings into the devoloped code, the flutter
characteristics of these wing types are obtained. The variation of flutter speed with damping and the
variation of flutter frequency with damping are shown in Figure 2(a) and Figure 2(b), respectively.

(a) (b)

Figure 2: V -g and ω-g plots for Goland wing.

V -g plot gives an estimation of dynamic behaviour of the system easily. The instability is occured at
V =136.10 m/s. Table 6 compares flutter speed and flutter frequency with data from reference study for
Goland wing.
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Table 6: The comparison of flutter results for the Goland wing.

Critical values for flutter Present study Reference study [10] Error (%)

Flutter speed, m/s 136.10 137.16 0.77
Flutter frequency, rad/s 70.01 70.70 0.97

Similar investigations are also performed by Matter et al. [11] and Patil et al. [12]. Matter et al. [11]
investigated the flutter characteristics of Goland wing by Galerkin method. They found the flutter speed
as 136.41 m/s and flutter frequency as 69.35 rad/s. Patil et al. [12] also analyzed the flutter boundaries
of Goland wing. They reported the flutter speed as 137.16 m/s and the flutter frequency as 70.2 rad/s
which are very close to findings of current study.

Flutter speed and frequency values of HALE wing are obtained by observing the relevant plots of the
system. By developed algorithm, the graphs of flutter analysis with respect to velocity, frequency and
damping are obtained which are given in Figure 3.

(a) (b)

Figure 3: V -g and ω-g plots for HALE wing.

The flutter speed and the flutter frequency of HALE wing are found as 32.22 m/s and 22.39 rad/s,
respectively. The flutter values of HALE wing are compared with literature in Table 7.

Table 7: The comparison of flutter results for the HALE wing.

Critical values for flutter Present study Reference study [13] Error (%)

Flutter speed, m/s 32.22 32.21 0.03
Flutter frequency, rad/s 22.39 22.61 0.97

It can be seen from Table 7 that the findings of current study are in excellent agreement with values
from reference study.
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4.2 Goland wing at 50% span extension

Flutter behavior of Goland wing at 50% extension is analyzed and validated with study from literature
[3]. In this configuration, the wing span extends by 50%, thus the semi-span length becomes 9.144 m. A
schematic view of the wing at 50% extension is illustrated in Figure 4.

Figure 4: A schematic view of the VSMW.

For 50% extended Goland wing, the half span of wing is the only parameter that changes. All other
parameters remain the same since they are related with cross-section of the wing. The length of first
segment is l1=5 m, second segment is l2=1.096 m and third segment is l3=3.048 m. The flutter speed,
flutter frequency and damping relations for Goland wing at 50% extension are given in Figure 5.

(a) (b)

Figure 5: V -g and ω-g plots for Goland wing at 50% extension.

Ajaj et al. [3] reported the flutter speed of Goland wing at 50% extension is at around 100 m/s.
In the current study, the flutter speed is found as 104.1 m/s with the error 3.93%. The flutter speed of
Goland wing is found as 136.10 m/s in Section 4.1. Taken together, these findings show that flutter speed
decreases as the wing span extends.

The flutter frequency is found as 39.9 rad/s at a point where g takes a value 0. At one-segment
Goland wing model, the flutter frequency was found to be 70.01 rad/s. As is the case with the flutter
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speed, the flutter frequency also decreases as wing span extends.
The flutter values of 50% extended and 0% extended wings are also given in a compact form. The

flutter speed and frequency are compared for both two configurations in Table 8.

Table 8: The comparison of flutter values of Goland wing at 50% and 0% span extension.

Critical values for flutter 0% extension 50% extension
Flutter speed, m/s 136.10 104.1
Flutter frequency, rad/s 70.01 39.9

4.3 HALE wing at 50% span extension

After validating the flutter characteristics of Goland wing at 50% span extension, HALE wing at 50%
extension is also investigated. The lengths of first and second segments are assigned by author. The
length of first segment is taken as l1=13.333 m whilst the length of second segment is taken as l2=2.667
m. Thus, the length of third segment of the HALE wing is taken as l3=8 m. The variation of the speed
with damping and the variation of frequency with damping of HALE wing at 50% extension are given in
Figure 6(a) and Figure 6(b), respectively.

(a) (b)

Figure 6: V -g and ω-g plots for HALE wing at 50% extension.

As the HALE wing span extends by 50%, the flutter speed and flutter frequency decrease to 21.47
m/s and 14.75 rad/s, respectively. The comparison of flutter values for HALE wing at 50% extension
configuration with 0% extension configuration is given in Table 9.

Table 9: The comparison of flutter values of HALE wing at 50% and 0% span extension.

Critical values for flutter 0% extension 50% extension
Flutter speed, m/s 32.22 21.47
Flutter frequency, rad/s 22.39 14.75
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It can be easily seen from Table 9 that the flutter speed and the flutter frequency decrease dramatically
as expected when the wing span extends by 50%.

4.4 Effects of VSMW on Flutter Behavior

The flutter speed is investigated for different span extensions of Goland wing. The variation of flutter
speed with various wing extension percentages is shown in Figure 7.

Figure 7: Variation of flutter speed with span extension for Goland wing.

As Figure 7 presents, there is a significant difference in flutter speed between fully retracted and fully
extended wing configurations. When the wing extends its span by 100%, the flutter speed decreases to
82.4 m/s. It is apparent that flutter speed decreases dramatically as wing span extends.

The flutter frequencies are obtained for different elongation ratios of the wing span. The VSMW
mechanism also considerably effects the flutter frequency of system. The variation of flutter frequency
with span extension is given in Figure 8.

Figure 8: Variation of flutter frequency with span extension for Goland wing
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From the Figure 8, it can be seen that the flutter frequency also dramatically decreases as wing span
extends, which is an expected outcome. As the wing span is morphed from fully retracted configuration
to fully extended configuration, the flutter frequency decreases from 70.01 rad/s to 28.05 rad/s. The
reduction in flutter frequency between 0% wing extension and 10% wing extension is observed as 9.16
rad/s. On the other hand, the reduction in flutter frequency between 90% wing extension and 100% wing
extension is found as 1.02 rad/s.

5 CONCLUSIONS

The aim of this study is to analyze the flutter characteristics of VSMW oscillating in pitch and plunge
motions under subsonic flight conditions. The flutter behavior of VSMW in different configurations are
analyzed. The findings of case studies are presented as quantitatively and qualitatively for both two wing
models. Based on the results of this study, the following expressions can be concluded:

(a) There is a significant difference in flutter values between fully retracted and fully extended wing
configurations. The findings of this study support the idea that flutter values decrease as wing span
increases.

(b) Another important finding is that flutter speed and flutter frequency reductions are relatively high
at the initial stages of wing span extension.

These results have significant implications for understanding of how span extension affects the flutter
behavior of aircraft. From these several analyses of telescopic span morphing wing, it can be concluded
that the aeroelastic analysis has a vital role for morphing wing concept.
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